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Abstract: For k ∈]0, 1[ a finite-type k-surface in 3-dimensional hyperbolic space is defined
to be a complete, immersed surface of finite area and of constant extrinsic curvature equal
to k. In [25] we showed that the space Sk of finite-type k-surfaces in H3 is homeomorphic to
the space of pointed ramified coverings of the extended complex plane Cˆ. Every finite-type
k-surface (S, e) has finitely many ends, each of which is asymptotic to an immersed cylinder
wrapping finitely many times, ever more tightly, about a complete geodesic ray. We show
that each end of (S, e) wraps around a preferred geodesic, defined in terms of Steiner
curvature centroids, which we call the Steiner geodesic. Whilst one extremity of each
Steiner geodesic coincides with the extremity of its end, the other defines another point of
Cˆ which we call the Steiner point of that end. We derive algebraic relations satisfied by the
Steiner points of a finite-type k-surface. Finally, we introduce the generalised volume and
renormalised energy of finite-type k-surfaces as functions over Sk and we prove a Schla¨fli
type formula relating their derivatives to the Steiner points. We conclude, in particular,
that, when considered as observable quantities over Sk, the extremity and Steiner point of
each end together constitute a pair of conjugate variables over this space.
Classification AMS : 30F60
∗
Instituto de Matema´tica, UFRJ, Av. Athos da Silveira Ramos 149, Centro de Tecnologia - Bloco C, Cidade
Universita´ria - Ilha do Funda˜o, Caixa Postal 68530, 21941-909, Rio de Janeiro, RJ - BRAZIL
On the asymptotic geometry of finite-type k-surfaces...
1 - Introduction.
1.1 - Finite-type k-surfaces, Steiner geodesics and Steiner points. Let M be a
complete three-dimensional riemannian manifold. For k > 0, a k-surface in M is defined
to be a pair (S, e), where S is a smooth surface and e : S → M is a smooth immersion of
constant extrinsic curvature equal to k which is complete with respect to the metric
I[e] +
1
k
III[e], (1.1)
where I[e] and III[e] denote respectively the first and third fundamental forms of e. This
completeness condition reflects the fact (c.f. [13] and [14]) that every k-surface (S, e) has
associated to it a natural immersion eˆ of S into the total space of the unitary bundle UM of
M whose image is a pseudo-holomorphic curve and whose pull-back of a suitable rescaling
of the Sasaki metric coincides with (1.1). Surfaces of constant extrinsic curvature have
been natural objects of study since Gauss proved his famous Teorema Egregium in the
nineteenth century, and the intriguing applications that they have found in recent years
in such fields as surface lamination theory, general relativity, hyperbolic geometry and
Teichmu¨ller theory* show that, even almost two centuries after their introduction, they
are still able to surprise and delight. Of the above mentioned fields, the present paper will
be concerned with the final two.
Let H3 denote three-dimensional hyperbolic space. We will henceforth be concerned
only with k-surfaces in H3 which are of finite type, by which we mean that they are of
finite area and are complete with respect to the first fundamental form I[e]. For k ∈]0, 1[,
the space of finite-type k-surfaces in H3 will be denoted by Sˆk. Two finite-type k-surfaces
(S, e) and (S′, e′) will be considered to be equivalent whenever there exists a diffeomorphism
α : S → S′ such that e = e′ ◦ α. The quotient space of Sˆk by this equivalence relation
will be denoted by Sk. In what follows, a finite-type k-surface (S, e) will be identified with
its equivalence class in Sk. There is no shortage of finite-type k-surfaces, as we will see
presently.
In [23], we provided a detailed description of the geometry of finite-type k-surfaces
which we now recall. We begin by describing ends of such surfaces. Let ∂∞H3 denote the
ideal boundary of H3, let z ∈ ∂∞H3 be an ideal point and let h be a horofunction of H3
centred on this point (c.f. [2]). For all t ∈ R, let
Ht := h
−1({t})
denote the horosphere at height t centred on z. Since, for all t, Ht is intrinsically euclidian,
constructions applying to immersed curves in euclidian space equally apply to immersed
curves in this hypersurface. For a positive integer m, a k-end of winding order m with
extremity z is now defined to be a smooth immersion e : S1× [0,∞[→ H3 of finite area and
* For recent applications of k-surfaces, the reader may consult [3], [6], [7], [15], [16], [20]
and [26] as well as our review [9], written in collaboration with F. Fillastre. In the case
where k < 0, an attractive and modern discussion of the relationship between k-surfaces
(there referred to as pseudospheres) and soliton theory is presented in [19].
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of constant extrinsic curvature equal to k such that, for all y, ey := e(·, y) is an immersed
curve in H−y of total curvature equal to 2pim. In [23], we show that, up to rescaling, the
metric that e induces over S1 × [0,∞[ is that of a hyperbolic cusp so that, in particular,
the length of ey tends exponentially to zero as y tends to infinity. Furthermore, for every
unit-speed geodesic γ : R→ H3 terminating at z and parametrised by the value of (−h),
d(γ(y), e(x, y)) = O(e−
√
1−ky) (1.2)
as y tends to infinity. Heuristically, e wraps, ever more tightly, m-times around a complete
geodesic as y tends to infinity. The geometry of k-ends will be studied in greater detail in
Section 4.1.
Now let (S, e) be a finite-type k-surface. By elementary hyperbolic surface theory, S
has finite genus and finitely many ends. We may therefore suppose that S = S \ P , where
S is a compact surface and P := {p1, ..., pn} is a finite subset of S. In [23], we show that e
extends uniquely to a continuous function e : S → H3 ∪ ∂∞H3 which maps every point of
P to an ideal point in ∂∞H3. For all 1 ≤ i ≤ n, the i’th extremity zi[e] of (S, e) is defined
by
zi[e] := e(pi). (1.3)
For each i, let hi : H3 → R be a horofunction centred on zi[e], and denote
S0 := {p ∈ S | (hi ◦ e)(p) ≥ 0 ∀i} .
In [23] we also show that, upon modifying h1, ..., hn if necessary, S0 may be taken to be
compact with smooth boundary and the complement in S of its interior may be taken
to consist of n connected components S0,1, ..., S0,n such that, for each i, (S0,i, e) is a
reparametrisation of some k-end. For each i, let mi denote the winding order of the i’th
end of (S, e).
The first result of this paper refines our understanding of the asymptotic structure
of k-ends. As before, let z ∈ ∂∞H3 be an ideal point, let h : H3 → R be a horofunction
centred on z and let e : S1 × [0,∞[→ R be a k-end with extremity z. Let s : [0,∞[→ H3
be such that, for all y, s(y) is the Steiner curvature centroid in the horosphere H−y of the
immersed curve ey.* The Steiner curvature centroid arises naturally in the theory of convex
geometry. Indeed, the Steiner curvature centroid of an embedded curve which bounds a
convex set K is equal to the first Fourier mode of the support function of that convex set. In
this manner, it defines a natural notion of centre for convex sets which is equivariant with
respect to Minkowski addition and is therefore also meaningfully interpreted as defining a
centre for general locally strictly convex immersed curves. We show
* In the case of triangles, the Steiner curvature centroid is one of at least three points
which can be referred to as the Steiner point and is unambiguously identified as the Kim-
berling centre X1115. In the case of convex bodies, we use the definition given by Schneider
in [21].
2
On the asymptotic geometry of finite-type k-surfaces...
Theorem 1.1.1
There exists a unique unit-speed geodesic γ : R→ H3 such that
d(γ(y), s(y)) = O(e−(
√
4−3k)y) (1.4)
as y tends to infinity.
Theorem 1.1.1 is proven in Section 4.2, below. Recall, in particular, that any two distinct
unit-speed geodesics terminating at z and parametrised by the value of (−h) will be sep-
arated by a distance proportional to e−y so that, since k ∈]0, 1[, the geodesic constructed
in Theorem 1.1.1 is indeed unique. This geodesic will be called the Steiner geodesic of the
end (S1 × [0,∞[, e) and its end-point at minus infinity will be called the Steiner point of
this end. A simple example of Steiner geodesics and Steiner points is illustrated in Figure
1.1.1.
Figure 1.1.1 - Steiner geodesics and Steiner points - The embedded k-surface with
three extremities at −1, 0 and 1 is a smooth fattening of the convex hull of these
three points in H3. In this case, the Steiner geodesics are independent of k and
have Steiner points at 1/3, ∞ and −1/3 respectively.
1.2 - The geometry of Steiner points. The Steiner points of the ends of a finite-type
k-surface satisfy certain linear relations as we will now show. At this stage, it is convenient
to choose an explicit upper half-space parametrisation of H3, namely
H3 :=
{
(x, y, z)t | z > 0} , (1.5)
with metric given by
gij :=
1
z2
δij . (1.6)
In this parametrisation, the ideal boundary ∂∞H3 of H3 naturally identifies with the
extended complex plane Cˆ := C∪{∞}. Now let (S, e) be a finite-type k-surface none of
whose extremities z1[e], ..., zn[e] lie at infinity. For each i, let ζi[e] denote the Steiner point
of the i’th end of (S, e) and define the Steiner vector ci[e] of the i’th end by
ci[e] :=
1
ζi[e]− zi[e]
. (1.7)
Observe that this vector is always finite since the Steiner point of any end is trivially
distinct from its extremity. The second main result of this paper is
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Theorem 1.2.1
The extremities and Steiner vectors of (S, e) satisfy
n∑
i=1
mici[e] = 0, (1.8)
n∑
i=1
mici[e]zi[e] = −1
2
n∑
i=1
mi and (1.9)
n∑
i=1
mi‖zi[e]‖2eρici[e] =
n∑
i=1
mizi[e], (1.10)
where, for each i, mi denotes the winding order of the i’th end of (S, e) and ρi denotes the
orthogonal reflection through the line orthogonal to zi[e], taken by convention to be equal
to 0 when zi[e] vanishes.
Theorem 1.2.1 allows us to determine the Steiner points of certain finite-type k-
surfaces with large numbers of symmetries. To see this, we first recall the parametrisation
of Sk by pointed ramified coverings of Cˆ constructed in [25]. Thus, let (S, e) be a finite-type
k-surface. Let eˆ : S → UH3 be the unit normal vector field over e. Let n : UH3 → ∂∞H3
be the horizon map defined such that, for every unit vector ξx ∈ UH3,
n(ξx) := γ(+∞), (1.11)
where γ : R → H3 is the unique geodesic whose derivative at zero is ξx. In [23], we show
that
φe := n ◦ eˆ (1.12)
extends to a ramified covering of Cˆ = ∂∞H3 by S. Furthermore, the ramification points
are elements of P and, for all i, the ramification order of φe at pi, defined to be equal to
1 whenever pi is a regular point, is equal to the winding order of the end of (S, e) at this
point.
Conversely, a pointed ramified covering of the extended complex plane Cˆ is defined to
be a triple (S, P, φ), where S is a compact Riemann surface, P is a finite subset of S, and
φ : S → Cˆ is a non-constant holomorphic map whose ramification points are contained
in P . Elements of P will be called generalised ramification points. The space of pointed
ramified coverings of Cˆ will be denoted by Rˆ. Two pointed ramified coverings (S, P, φ)
and (S
′
, P ′, φ′) will be considered to be equivalent whenever there exists a conformal
diffeomorphism α : S → S′ such that P = α−1(P ′) and φ = φ′ ◦ α. The quotient space of
Rˆ by this equivalence relation will be denoted by R. In what follows, a pointed ramified
covering (S, P, φ) will be identified with its class in R. In [25], we show that, for all k, the
map
Φk : Sk → R; (S, e) 7→ (S, P, φe) (1.13)
defines a bijection from Sk into R.
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We thus define finite-type k-surfaces via their pointed ramified coverings. Consider
first the case where S = Cˆ and φ is the identity map. For any finite subset P of Cˆ, (S, e) :=
Φ−1k (S, P, φ) is an embedded surface bounding a convex set in H3 whose intersection with
∂∞H3 is P . In particular, the set P coincides with the set {z1, ..., zn} of extremities of
(S, e). Suppose now that P := {z1, ..., zn} where, for each i,
zi := e
2pii
n .
P is then symmetric under reflection about the unit circle in C as well as under reflection
about the real line generated by zi for all i. It follows that, for each i, the i’th Steiner
point of (S, e) is
ζi[e] = −zi,
and the i’th Steiner vector is therefore
ci[e] = −1
2
zi.
We confirm by inspection that the extremities and Steiner vectors of (S, e) satisfy (1.8),
(1.9) and (1.10). The case where n = 5 is illustrated in Figure 1.2.2.
Figure 1.2.2 - Steiner points I - The extremities are shown in black and the Steiner
points are shown in white. When the extremities of an embedded k-surface are
evenly distributed along the unit circle in C, the Steiner point of each end is the
antipodal point on the unit circle of its extremity. Figure 1.1.1 is obtained from
the case of three points evenly distributed along a circle upon applying a Mo¨bius
transformation.
Suppose now that P := {z0, z1, ..., zn}, where z0 = 0 and, for all 1 ≤ i ≤ n, zi is as
before. By symmetry again, the Steiner point of (S, e) at 0 is
ζ0[e] =∞,
and the corresponding Steiner vector is
c0[e] = 0.
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Likewise, there exists a real number λ such that, for all 1 ≤ i ≤ n, the Steiner point of
(S, e) at zi is
ζi[e] = λzi.
However, symmetry alone is not sufficient to determine the value of λ. Instead, using (1.9),
we show that the Steiner vector of (S, e) at zi is
ci[e] = − (n+ 1)
2n
zi,
so that the corresponding Steiner point is
ζi[e] =
(1− n)
(1 + n)
zi.
The case where n = 5 is illustrated in Figure 1.2.3.
Figure 1.2.3 - Steiner points II - As before, the extremities are shown in black and
the Steiner points are shown in white. The extra extremity at the origin shifts
the other Stiener points closer to the centre. In the case of 5 extremities evenly
distributed along the unit circle, the Steiner points lie along the circle of radius
2/3 about the origin.
Finally, we construct a non-trivial covering of Cˆ with a large number of symmetries
as follows. Let n, m0 and m1 be positive integers such that
1
m0
+
n
m1
∈ Z. (1.14)
With z0, z1, ..., zn be as before, let S be the Riemann surface of the function
f(z) = z
1
m0 Πni=1(z − zi)
1
m1 ,
and let φ : S → Cˆ be the canonical projection. Condition (1.14) ensures that S is obtained
from Cˆ by branch cuts joining each zi by a radial line to the origin. In particular, the
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point at infinity is not the image of any ramification point of φ. For each i, let pi ∈ S be
the unique preimage of zi. By symmetry, the Steiner point of (S, e) at p0 is
ζ0[e] =∞,
and the corresponding Steiner vector is
c0[e] = 0.
Likewise, by symmetry together with (1.9), for each 1 ≤ i ≤ n, the Steiner vector of (S, e)
at pi is
ci[e] = − (m0 + nm1)
2nm1
zi,
so that the corresponding Steiner point is
ζi[e] =
(m0 − nm1)
(m0 + nm1)
zi.
1.3 - Area, generalised volume and renormalised energy. Sˆk and Rˆ are topologized
as follows. Let S be a compact surface. Let U be a set of subsets of S which is open in the
Hausdorff topology. Let V be an open subset of C0(S,H3 ∪ ∂∞H3). The subset Ωs(S,U, V )
of Sˆk is defined by
Ωs(S,U, V ) :=
{
(S \ P, e) | #P <∞, P ∈ U, e ∈ V } . (1.15)
Sˆk is furnished with the topology generated by all sets of this form. With this topology,
the sequence (S \Pm, em)m∈N converges to (S \P∞, e∞) if and only if (Pm)m∈N converges
to P∞ in the Hausdorff sense and (em)m∈N converges uniformly to e∞. Now let U be again
a set of subsets of S which is open in the Hausdorff topology and let V be an open subset
of C0(S, Cˆ). The subset Ωr(S,U, V ) of Rˆ is defined by
Ωr(S,U, V ) :=
{
(S, P, φ) | #P <∞, P ∈ U, φ ∈ V } . (1.16)
Rˆ is furnished with the topology generated by all sets of this form. As before, in this
topology (S, Pm, φm)m∈N converges to (S, P∞, φ∞) if and only if (Pm)m∈N converges to
P∞ in the Hausdorff sense and (φm)m∈N converges uniformly to φ∞. Finally, Sk and R
are furnished with the induced quotient topologies. In [25], we show that, with respect to
these topologies, the bijection Φk defined in (1.13) in fact defines a homeomorphism from
Sk to R.
Both Sk and R are stratified by smooth complex manifolds. Indeed, let (S, e) be an
element of Sk with n ends of respective winding ordersm1, ...,mn. A nearby element (S′, e′)
of Sk lies on the same stratum as (S, e) whenever it has the same number of ends. Since
the number of ends can only vary over a continuous family in Sk by splitting or coalescing
existing ends, it follows that the unordered vector (m1, ...,mn) of winding orders is constant
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over every stratum of Sk. In Section 5.1, we show that each stratum naturally has the
structure of a smooth complex manifold, of dimension equal to the number of ends, which
is locally conformally parametrised by the extremities of these ends in Cˆ.
The strata ofR are defined in an analogous manner. Indeed, given an element (S, P, φ)
of R, a nearby element (S′, P ′, φ′) lies on the same stratum as (S, P, φ) whenever P ′ has
the same cardinality as P . This means that a continuous family in R lies on a given
stratum whenever no generalised ramification points of order 1 are added or removed
and no generalised ramification points split or coalesce. Every stratum of R likewise has
the structure of a smooth complex manifold, of dimension equal to the cardinality of the
generalised ramification set, which is locally conformally parametrised by the images of
the generalised ramification points. It follows from the definitions that Φk restricts to a
conformal diffeomorphism from strata of Sk into strata of R.
We now consider three natural geometric functions over Sk which are smooth over
each stratum. The first, which is the area
Area[e] :=
∫
S
dArea[e], (1.17)
is of little geometric interest since, by elementary hyperbolic surface theory, it is constant
over every stratum. Indeed, in Theorem 5.2.1, we verify that, for all (S, e) ∈ Sk,
Area[e] = − 2piχ[S]
(1− k) , (1.18)
where χ[S] denotes the Euler characteristic of S.
The second function generalises the volume bounded by an embedding to the case of
immersions. In Section 5.2, we construct a natural family (αz)z∈∂∞H3 of primitives of the
volume form of H3 parametrised by ideal points in ∂∞H3. The generalised volume of a
finite-type k-surface (S, e) is then defined by
Vol[e] :=
∫
S
e∗αz, (1.19)
for some ideal point z. We verify that this function is finite and independent of the ideal
point chosen, that it is smooth over every stratum of Sk and, whenever e is embedded,
that it coincides with the volume of the convex set that this embedding bounds.
The third function is what we choose to call the renormalised energy. As in Section 1.2,
we introduce an explicit upper half-space parametrisation of H3. Let (S, e) be a finite-type
k-surface none of whose extremities z1[e], ..., zn[e] lie at infinity. For each i, let hi : H3 → R
be a horofunction centred on zi[e] normalised such that hi(zi[e], 1) = 0. For all T ∈ R,
define
EˆT [e] :=
∫
ST
H[e]dArea[e], (1.20)
where
ST := {p ∈ S | (hi ◦ e)(p) ≥ T ∀i} , (1.21)
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and H[e] denotes the mean curvature of e. The renormalised energy of (S, e) is then defined
by
Eˆ[e] := Lim
T→−∞
EˆT [e] +
n∑
i=1
2pimiT, (1.22)
where m1, ...,mn are the winding orders of the ends of e. In Section 5.2, we show that this
limit exists and defines a function over an open, dense subset of Sk which is smooth over
every stratum. Choosing a different upper half-space parametrisation of H3 yields another
function, defined over a different open, dense subset, which differs from the first over every
stratum by an additive constant. In this manner, the renormalised energy is defined, up
to a constant, over the whole of Sk.
The renormalised energy arises in a natural manner from the geometry of the im-
mersion eˆ introduced in Section 1.2. Indeed, in [14] (see also [13]), Labourie studied in
detail the pseudo-holomorphic geometry of this immersion, using this property to prove
his elementary, yet powerful compactness result for families of k-surfaces which forms the
basis of a good part of the modern theory. However, since (1.1) is the pull-back through eˆ
of the Sasaki metric of UH3, the area form that it induces over S is
dEˆ[e] =
1
k
H[e]dArea[e], (1.23)
so that, for all T , AˆT [e] is the area of ST with respect to the immersion eˆ. Since eˆ is
asymptotic over every end of S to a finite cover of a cylinder in UH3, this area grows
linearly with the absolute value of T as T tends to minus infinity, from which convergence
in (1.22) follows. Finally, the area of a pseudoholomorphic curve is meaningfully interpreted
as its energy (see [18]), thus justifying our terminology.
1.4 - The Schla¨fli formula. The classical Schla¨fli formula (see [1]) describes the first-
order variation of the volume of a polyhedron in terms of the lengths of the edges and
the first-order variation of the angles. This formula was adapted by Bonahon in [5] to the
case of equivariant pleated surfaces in hyperbolic space and then by Krasnov & Schlenker
in [12] to the case of smooth equivariant surfaces. In this section, we adapt the formula
of Krasnov & Schlenker to the current case, where the surfaces in question have cusp-like
ends. First, let (S, e) be a finite-type k-surface with n extremities all of which are finite
points of C. Let X be the stratum of Sk in which this surface lies. By the preceding
discussion, the function (z1, ..., zn) provides a local parametrisation of X about (S, e). Via
this parametrisation, each tangent vector of X at this point identifies with an n-tuple
ξ := (ξ1, ..., ξn) in Cn. We show
Theorem 1.4.1, Schla¨fli formula
The derivatives of the generalised volume and the renormalised energy are related by
2(1 + k)DVol[e] · ξ −DEˆ[e] · ξ =
n∑
i=1
4pimi〈ξi, ci[e]〉e, (1.24)
9
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where, for each i, mi denotes the winding order of the i’th end of (S, e) and ci[e] denotes
its Steiner vector.
Theorem 1.4.1 is proven in Theorem 5.4.5, below. Theorem 1.2.1 then follows as a corollary.
Indeed, since the natural action of the Mo¨bius group SO(3, 1) over each stratum of Sk
preserves the generalised volume and varies the renormalised energy in a controlled manner,
Theorem 1.2.1 follows upon applying (1.24) to the flow vectors of this group action.
Finally, let Ω be the complement of the diagonal in Cˆ× Cˆ, that is
Ω := {(z, w) | z 6= w} , (1.25)
and define the complex-valued symplectic form ω over this set by
ω :=
1
(z − w)2 dz ∧ dw. (1.26)
Observe that, if Ψ : C× C→ Ω is given by
Ψ(z, w) :=
(
z, z +
1
w
)
, (1.27)
then
Ψ∗ω = dz ∧ dw, (1.28)
so that, in particular, the real part of Ψ∗ω coincides with the standard symplectic form
over C× C.
Let X be an n-dimensional stratum of Sk. Define the symplectic form ωX over Ωn by
ωX := Re(m1ω1 ⊕ ...⊕mnωn), (1.29)
where, for each i, mi denotes the winding order of the i’th end of any element of X.
Comparing (1.7) and (1.27), we see that Ψ is simply the function which sends Steiner
vectors to Steiner points. The Schla¨fli formula (1.24) thus immediately yields
Theorem 1.4.2
The function (z1, ζ1, ..., zn, ζn) defines a smooth, lagrangian immersion from X into the
symplectic manifold (Ωn, ωX).
From a physical perspective, the extremities and the Steiner points may be considered as
observable quantities of elements of X. Theorem 1.4.2 can thus be interpreted in at least
two distinct ways. Indeed, in analogy with classical thermodynamics, this result means
that, for each i, the i’th extremity and the i’th Steiner point together constitute a pair of
conjugate variables of the stratum X. On the other hand, since X is locally parametrised
by its extremities, the locally defined function σ given by
σ(z1, ..., zn) := (ζ1, ..., ζn) (1.30)
may be considered as the map of scattering through finite-type k-surfaces. It is of interest
in scattering theory to determine whether the scattering matrix is symmetric, as this is
related to the reversibility of the physical process being studied. More generally, it is of
interest to know when the graph of a scattering map is lagrangian, and this is precisely
the property established in Theorem 1.4.2.
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1.5 - Notation. Throughout this paper, we work with the upper half-space parametrisa-
tion of H3. The euclidean metric and norm will be denoted by 〈·, ·〉e and ‖ · ‖e respectively,
and the hyperbolic metric and norm will be denoted by 〈·, ·〉g and ‖ ·‖g respectively. When
describing asymptotic relations, we write f(t) = O(g(t)) when f(t)/g(t) remains bounded
as t tends to infinity, and we write f(t) = o(g(t)) when f(t)/g(t) tends to zero as t tends
to infinity.
1.6 - Acknowledgements. The author is grateful to Franc¸ois Fillastre for inspiring
conversations that led to the study of this problem.
2 - Geometry in Darboux coordinates.
2.1 - Darboux coordinates of the unitary bundle. We begin by describing a
coordinate system for the total space of the unitary bundle of hyperbolic space which is
well adapted to the study of surfaces that are asymptotic to cylinders around complete
geodesic rays. As in Section 1.2, we choose an explicit upper half-space parametrisation of
H3, namely
H3 :=
{
(x, y, z)t | z > 0} , (2.1)
with metric given by
gij :=
1
z2
δij . (2.2)
The total space of the tangent bundle of UH3 identifies with an open subset of R3 × R3
in the natural manner. The total space of its unit tangent bundle then identifies with a
codimension 1 submanifold of this product, namely
UH3 :=
{
(x, y, z, u, v, w)t | z > 0, u2 + v2 + w2 = z2} .
Consider the Liouville form defined over TUH3 by
λ :=
1
z2
(udx+ vdy + wdz).
This form, which is invariant under the action of isometries of H3, defines a contact struc-
ture over UH3. Consider now the complete geodesic
Γ0,∞ :=
{
(0, 0, z)t | z > 0} .
Let NΓ0,∞ denote the bundle of unit, normal vectors over this geodesic, that is
NΓ0,∞ :=
{
(0, 0, z, u, v, 0)t | z > 0, u2 + v2 = z2} .
Let TNΓ0,∞ denote the total space of its tangent bundle. If λ˜ denotes the canonical
Liouville form of TNΓ0,∞, then the form
dt− λ˜
11
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defines a contact structure over the product TNΓ0,∞ × R. Since NΓ0,∞ is embedded and
legendrian in UH3, it follows by Darboux’s Theorem for contact manifolds (see [17]) that
there exists a neighbourhood of NΓ0,∞ in UH3 which is contactomorphic to a neighbour-
hood of the zero section in TNΓ0,∞ × R. Such parametrisations of neighbourhoods of
NΓ0,∞ in UH3 will be called Darboux coordinates about Γ0,∞.
Since the universal cover of NΓ0,∞ is isometric to R2, TNΓ0,∞×R naturally identifies
with a quotient of R5. An explicit system of Darboux coordinates about Γ0,∞ is then given
by
Φ(x, y, u, v, t) :=
(
eytcos(x)− eyusin(x), eytsin(x) + eyucos(x), ey,
−Ceycos(x),−Ceysin(x),Sey)t, (2.3)
where
C := 1√
1 + (t+ v)2
and
S := (t+ v)√
1 + (t+ v)2
.
(2.4)
Indeed, direct computation yields
Φ∗λ =
−1√
1 + (t+ v)2
(dt− udx− vdy). (2.5)
Observe that this system of Darboux coordinates is equivariant with respect to the group
of isometries of H3 which preserve the point at infinity. Indeed, for all ξ, η ∈ R and for all
(a, b)t ∈ R2,
R[ξ]∗Φ(x, y, u, v, t) = Φ(x+ ξ, y, u, v, t),
D[η]∗Φ(x, y, u, v, t) = Φ(x, y + η, u, v, t) and
T[a, b]∗Φ(x, y, u, v, t) = Φ(x, y, u+ σx(x, y), v + σy(x, y), t+ σ(x, y)),
(2.6)
where the hyperbolic isometries R[ξ], D[η] and T[a, b] are defined by
R[ξ](x, y, z)t := (cos(ξ)x− sin(ξ)y, sin(ξ)y + cos(ξ)x, z)t,
D[η](x, y, z)t := (ηx, ηy, ηz)t and
T[a, b](x, y, z)t := (x+ a, y + b, z)t,
(2.7)
and the function σ is defined by
σ(x, y) := σ[a, b](x, y) := ae−ycos(x) + be−ysin(x). (2.8)
Finally, it will be convenient to introduce the variable
θ := arctan(t+ v), (2.9)
which is none other than the angle that the vector Φ(x, y, u, v, t) makes with the horizontal
horosphere at height ey. In particular
C = cos(θ) and S = sin(θ). (2.10)
In addition, we denote
T := tan(θ) = t+ v. (2.11)
These three abbreviations will be used frequently throughout the sequel.
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2.2 - The horizontal and vertical subbundles. Let WUH3 ⊆ TUH3 denote the
contact distribution of UH3. Let ∇ denote the Levi-Civita covariant derivative of H3. We
recall (see, for example, [24]) that WUH3 decomposes as
WUH3 = HUH3 ⊕VUH3, (2.12)
where HUH3 denotes the intersection of WUH3 with the horizontal subbundle of ∇ and
VUH3 denotes the vertical subbundle of TUH3. Let
Γ := ∇−D
denote the Christoffel symbol of ∇, where D here denotes the standard derivative of R3.
By the Koszul formula, with respect to the standard basis (∂x, ∂y, ∂z) of R3,
Γ(x, y, z) =
1
z
 ∂z 0 −∂x0 ∂z −∂y
−∂x −∂y −∂z
 . (2.13)
Consider now a point (x, u)t ∈ UH3. Given a tangent vector ξ of H3 at x, its horizontal
and vertical lifts to T(x,u)UH3 are given by
[ξ, 0](x,u) := (ξ,−Γ(x)(u, ξ))t and
[0, ξ](x,u) := (0, ξ)
t.
(2.14)
The fibres over (x, u) of the horizontal and vertical subspaces of WUH3 are then given by
H(x,u)UH3 :=
{
[ξ, 0](x,u) | 〈ξ, x〉 = 0
}
and
V(x,u)UH3 :=
{
[0, ξ](x,u) | 〈ξ, x〉 = 0
}
.
(2.15)
In particular, there is a canonical bundle involution ι of WUH3 defined such that, for all
(x, u)t and for all ξ,
ι(x,u)[ξ, 0](x,u) := [0, ξ](x,u) and
ι(x,u)[0, ξ](x,u) := [ξ, 0](x,u).
(2.16)
We now determine HUH3, VUH3 and ι in the Darboux coordinates defined in the
previous section. By equivariance, we may suppose that x = y = 0. Consider now the
vector fields
∂ˆx := ∂x + u∂t − u∂v − t∂u,
∂ˆy := ∂y + v∂t − v∂v − u∂u,
∂ˆu := ∂u and
∂ˆv := C2∂v.
(2.17)
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We verify by inspection that these vector fields span Φ∗WUH3 and direct computation
yields
Φ∗(C∂ˆu − S∂ˆx) = [(0, C, 0), (0, 0, 0)],
Φ∗(C∂ˆy + S∂ˆv) = [(S, 0, C), (0, 0, 0)],
Φ∗(−∂ˆx) = [(0, 0, 0), (0, C, 0)] and
Φ∗(∂ˆv) = [(0, 0, 0), (S, 0, C)].
(2.18)
It follows that
Φ∗HUH3 = 〈C∂ˆu − S∂ˆx, C∂ˆy + S∂ˆv〉,
Φ∗VUH3 = 〈∂ˆv, ∂ˆx〉,
(2.19)
and, with respect to the basis (∂ˆu, ∂ˆy, ∂ˆx, ∂ˆv),
Φ∗ι =

−S 0 −C 0
0 −S 0 C
−C 0 S 0
0 C 0 S
 . (2.20)
2.3 - The geometry of legendrian immersions. Let Ω be an open subset of R2. Let
u : Ω→ R be a smooth function. Define
Φˆ[u] = Φ ◦ uˆ, (2.21)
where
uˆ(x, y) := (x, y, ux(x, y), uy(x, y), u(x, t))
t. (2.22)
Since uˆ is a legendrian graph, Φˆ[u] is a legendrian immersion. Furthermore, every immersed
legendrian surface in UH3 that is sufficiently close to NΓ0,∞ is everywhere locally the image
of such an immersion. Define also
Φ[u] := pi ◦ Φˆ[u], (2.23)
where pi : UH3 → H3 is the canonical projection, so that
Φ[u] = (eyucos(x)− eyuxsin(x), eyusin(x) + eyuxcos(x), ey). (2.24)
We first review the elementary geometry of the map Φ[u]. With respect to the bases
(∂x, ∂y) of the domain and (∂ˆu, ∂ˆy, ∂ˆx, ∂ˆv) of the codomain, the derivative of uˆ is given by
Duˆ =
(
M
N
)
, (2.25)
where
M :=
(
uxx + u uxy + ux
0 1
)
and
N := C−2
( C2 0
uyx + ux uyy + uy
)
.
(2.26)
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It follows by (2.18) that
Φ[u]∗∂x = (0, uxx + u, 0) and
Φ[u]∗∂y = (T , uxy + ux, 1).
(2.27)
The first fundamental form of Φ[u] is thus given by
I[u] :=
(
(uxx + u)
2 (uxx + u)(uxy + ux)
(uxx + u)(uxy + ux) (uxy + ux)
2 + C−2
)
, (2.28)
its area form is
dArea[u] = C−1(uxx + u)dxdy, (2.29)
and the length element that it induces over every horizontal curve is
dl[u] = (uxx + u)dx. (2.30)
In particular, Φ[u] is an immersion if and only if
uxx + u 6= 0, (2.31)
The unit normal vector field N[u] over Φ[u] is, up to sign, simply the second component
of Φˆ[u], so that
N[u] := ey(Ccos(x), Csin(x),−S)t. (2.32)
For all y, the restriction of Φ[u] to R × {y} is the intersection of this immersion with
the horizontal horosphere at height ey. Let Φy[u] denote this restriction. We observe in
passing that, when this immersion is locally strictly convex, uy := u(·, y) is none other
than its support function. The unit conormal vector field over this curve is
ν[u] := ey(Scos(x),Ssin(x), C)t. (2.33)
Indeed, this vector field is orthogonal to the normal N[u] and the cross product
T[u] := N[u] ∧h ν[u] = ey(sin(x),−cos(x), 0)t (2.34)
is horizontal. Using (2.18), we also obtain the useful formula
ν[u] = CΦ∗∂y − C (uxy + ux)
(uxx + u)
Φ∗∂x. (2.35)
The triplet (N[u], ν[u],T[u]) defines an orthonormal frame over the immersion Φ[u]. Fur-
thermore, viewing Φ[u] itself as a vector field over this immersion, we obtain
‖Φ[u]‖2g = 1 + u2 + u2x, (2.36)
and,
〈Φ[u],N[u]〉g = −Cuy,
〈Φ[u], ν[u]〉g = C + Su and
〈Φ[u],T[u]〉g = −ux.
(2.37)
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2.4 - Curvatures of legendrian immersions. Let piH denote the projection onto
Φ∗HUH3 along Φ∗VUH3 and let piV denote the projection onto Φ∗VUH3 along Φ∗HUH3.
Observe that
(Φ∗ι) ◦ piH = piV ◦ (Φ∗ι) and
(Φ∗ι) ◦ piV = piH ◦ (Φ∗ι).
(2.38)
Lemma 2.4.1
With respect to the basis (∂x, ∂y) of R2, the shape operator of Φ[u] is
A[u] :=
(−S 0
0 −S
)
+M−1
(−C 0
0 C
)
N, (2.39)
where M and N are the matrices defined in (2.26).
Proof: Indeed, with respect to the basis (∂x, ∂y) of R2 and the bases (∂ˆu, ∂ˆy) of Φ∗HUH3
and (∂ˆx, ∂ˆv) of Φ
∗VUH3,
piH ◦Duˆ = M and
piV ◦Duˆ = N,
so that,
Φ∗ι ◦ piV ◦Duˆ = piH ◦ Φ∗ι ◦Duˆ =
(−S 0
0 −S
)
M +
(−C 0
0 C
)
N.
Since
(piH ◦Duˆ) ◦A = Φ∗ι ◦ piV ◦Duˆ,
the result follows. 
Upon taking the trace and the determinant of (2.39), we obtain
Lemma 2.4.2
The mean and extrinsic curvatures of Φ[u] are
H[u] :=
C
(uxx + u)
+ 2S − 1C(uxx + u)
(
(uxx + u)(uyy + uy)
− (uxy + ux)2
)
, and (2.40)
K[u] := S2 + 1
(uxx + u)
(SC + T (uxy + ux)2
− T (uxx + u)(uyy + uy)− (uyy + uy)
)
. (2.41)
In particular, it follows from (2.41) that Φ[u] has constant extrinsic curvature equal to k
if and only if
kuxx + uyy − (1− k)u = F (u,Du,D2u), (2.42)
where F is an analytic function of its arguments vanishing up to order 2 at (0, 0, 0).
Finally, recall the restriction Φy[u] of Φ[u] to R×{y} defined in the preceding section.
Let κy[u] denote its geodesic curvature with respect to the unit normal ν[u]. Although it
will only be of secondary importance to our work, we also show
16
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Lemma 2.4.3
The geodesic curvature κy[u] of Φy[u] is
κy[u] =
C(uy − uxx)
(u+ uxx)
. (2.43)
Proof: Indeed, the upward pointing unit normal over the horosphere at height ey is
NH = (0, 0, ey)t.
Since every horosphere is totally umbilic with unit curvature,
〈∇Φ∗∂xNH(Φ[u]), ∂x〉g = −‖Φ[u]∗∂x‖2g = −(u+ uxx)2.
On the other hand, bearing in mind (2.28) and (2.39),
〈∇Φ∗∂xN[u],Φ∗∂x〉g = I[u](A[u] · ∂x, ∂x) = C(u+ uxx) + S(u+ uxx)2.
Since
ν[u] = C−1NH(Φ[u]) + T N[u],
the preceeding relations yield
〈∇Φ∗∂xν[u],Φ[u]∗∂x〉g = −C(u+ uxx)2 + CT (u+ uxx) = C(uy − uxx)(u+ uxx),
and (2.43) follows upon dividing both sides by ‖Φ[u]∗∂x‖2g. 
3 - Asymptotic analysis.
3.1 - Asymptotic series of solutions of non-linear PDEs. Consider the non-linear,
second order, partial differential operator
P [u] := ∂2xu+ ∂
2
yu− a2u− F (u,Du,D2u), (3.1)
defined over the space of twice differentiable functions u : S1 × [0,∞[→ R, where a is a
real constant and F is a smooth function of its arguments. When F vanishes, solutions of
the problem
P[u] = 0 (3.2)
are completely described via the classical technique of separation of variables. In this
section, we describe a perturbation of this technique which yields asymptotic series for
solutions of (3.2) in the case where
F (0, 0, 0), DF (0, 0, 0) = 0. (3.3)
As we are not aware of whether this problem has been treated in this manner in the existing
literature, we study it in greater generality than is necessary for our current purposes.
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Figure 3.1.4 - The index set - The index setM is the subsemigroup of R2 generated
by the setM0 consisting of those points of the hyperbola with integer x-coordinate.
We first review the main results of this section. LetM be the subsemigroup of R×R
generated by the set
M0 :=
{
(m,
√
a2 +m2) | m ∈ Z
}
. (3.4)
This set is illustrated in Figure 3.1.4. Let A0 be the vector space of all continuous functions
u : S1 × [0,∞[→ C with the property that there exists a family (aλ,µ)(λ,µ)∈M of complex
constants indexed by M such that, for all ω > 0, there exists C > 0 such that, for all
(x, y), ∣∣∣∣∣∣u(x, y)−
∑
(λ,µ)∈M,µ<ω
aλ,µe
iλxe−µy
∣∣∣∣∣∣ ≤ Ce−ωy. (3.5)
Observe that, for all (λ, µ), the coefficient aλ,µ is uniquely determined by u and varies
linearly with this function. When u ∈ A0, we write
u ∼
∑
(λ,µ)∈M
aλ,µe
iλxe−µy. (3.6)
For all non-negative, integer k, let Ak be the space of all k-times differentiable functions
u : S1 × [0,∞[→ R all of whose derivatives up to and including order k are elements of
A0. Observe that when u ∈ Ak the asymptotic series of its derivatives are obtained by
differentiating term by term the asymptotic series of u. Finally, define
A := ∩
k∈N
Ak. (3.7)
This space has a natural Frechet structure which we describe in detail in Section 3.3, below.
For all (λ, µ) ∈M, define the linear operator aλ,µ : A → C such that, for all u,
aλ,µ[u] := aλ,µ, (3.8)
18
On the asymptotic geometry of finite-type k-surfaces...
where aλ,µ is the coefficient of e
iλxe−µy in the asymptotic series (3.6) of u. It follows from
the definition of the Frechet structure of A that, for all (λ, µ), this operator is continuous
in the Frechet sense. In addition, by Lemma 3.4.4, below, and the subsequent remark, the
product operator defines a continuous bilinear map from A⊕A to A where the asymptotic
series of the product of two elements of A is obtained by formal multiplication of the
asymptotic series of each of these elements. Likewise, by Lemma 3.5.4, below, and the
subsequent remark, given any smooth function Φ defined in a nieghhourhood of 0 such
that Φ(0) = 0, the operator of composition by Φ defines a map from a neighbourhood of 0
in A to A which is smooth in the Frechet sense, where the asymptotic series of the image
of any element of this neighbourhood is obtained by formally substituting the asymptotic
series of this element into the MacLaurin series of Φ.
Finally, let R : A → C∞(S1) denote the operator of restriction onto S1 × {0}. This
linear operator is trivially continuous in the Frechet sense. The main result of this section
is
Theorem 3.1.1
There exists a neighbourhood U of 0 in C∞(S1) and an operator S : U → A which is
smooth in the Frechet sense such that, for all v ∈ U ,
(1) RS[v] = v, and
(2) PS[v] = 0.
Furthermore, upon reducing U if necessary, we may suppose that S is unique.
Theorem 3.1.1 follows from Theorem 3.6.2, below, and the subsequent remark. In particu-
lar, it follows that every sufficiently small solution u : S1 × [0,∞[ of (3.2) is an element of
A and thus has an asymptotic series of the form (3.6). Furthermore, such solutions vary
smoothly in A as their boundary values vary in C∞(S1), as do the coefficients of their
asymptotic series.
3.2 - The one-dimensional linear problem. We first study the case where u is
constant in x. We recall the formalism of weighted Ho¨lder spaces. Let E be a Banach
space. For a weight ω ∈ R and for all (k, α), define the ω-weighted Ck,α-norm for k-times
differentiable functions u : R→ E by
‖u‖Ck,αω := ‖ue
ω〈y〉‖Ck,α , (3.9)
where ‖ · ‖Ck,α denotes the standard Ho¨lder norm (see Appendix A) and
〈y〉 :=
√
1 + y2. (3.10)
For all ω and for all (k, α), the Banach space of k-times differentiable functions u : R→ E
with finite Ck,αω -norm will be denoted by C
k,α
ω (R, E). For the sake of computations, we
observe that the Ck,αω -norm is uniformly equivalent to
‖u‖′
Ck,αω
:=
k∑
i=0
‖eω|y|Diu‖C0 + [eω|y|Dlu]α. (3.11)
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In what follows, we will use without comment the more appropriate of these norms de-
pending on the context in which we are working.
For all ω′ ∈ R, let µω′ denote the operator of multiplication by the function e−ω′〈y〉. By
definition, for all ω, ω′ and for all (k, α), µω′ defines a linear isomorphism from Ck,αω (R, E)
into Ck,αω+ω′(R, E). In particular, µ−ω defines a linear isomorphism from Ck,αω (R, E) into
Ck,α(R, E).
For a real constant a, consider now the linear operator
L˜au := ∂
2
yu− a2u. (3.12)
Lemma 3.2.1
For all a, ω ∈ R, L˜a defines a bounded linear map from C2,αω (R, E) onto C0,αω (R, E).
Proof: Indeed, we verify by inspection that µ−ωL˜aµω is a second order, linear operator
with coefficients bounded in C0,α(R, E). It therefore defines a bounded linear map from
C0+2,α(R, E) into C0,α(R, E), and the result follows. 
We use potential theory to study the invertibility properties of this operator over different
function spaces. For all a > 0, the Green’s function of La is
K˜a(y) := − 1
2a
e−a|y|, (3.13)
and its Green’s operator is
K˜a[u](y) :=
∫ ∞
−∞
K˜a(y − z)u(z)dz. (3.14)
Lemma 3.2.2
For all |ω| < a, the operator K˜a defines a bounded linear map from C0ω(R, E) to itself.
Proof: The exponential decay of u ensures that the integral (3.14) exists and varies con-
tinuously with y. A straightforward calculation then yields, for all u ∈ C0ω(R, E) and for
all y ∈ R,
‖K˜a[u](y)e|ω|y‖ ≤ 1
(a2 − ω2)‖u‖
′
C0ω
+
ω
a(a2 − ω2)e
−(a−ω)|y|‖u‖′C0ω .
Since (a− ω) > 0, the coefficient of the second term is bounded and the result follows. 
Lemma 3.2.3
For all |ω| < a, the operator K˜a defines a bounded linear map from C0,αω (R, E) into
C2,αω (R, E) such that
L˜aK˜a = Id. (3.15)
Proof: Indeed, differentiating under the integral, we verify that, for all u, K˜a[u] is twice
differentiable and satisfies
L˜aK˜a[u] = u.
In particular, this relation yields a formula for the second derivative of K˜a[u] in terms of
u, and the result now follows by Lemma 3.2.2. 
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Theorem 3.2.4
For all 0 ≤ ω < a, L˜a defines a linear isomorphism from C2,αω (R, E) into C0,αω (R, E) with
inverse K˜a.
Proof: Indeed, by Lemma 3.2.3, K˜a defines a right inverse of L˜a. By the maximum
principle, L˜a is injective, and the result follows. 
The preceding results adapt to the Dirichlet problem as follows. First, for all ω and
for all (k, α), the Banach space Ck,αω ([0,∞[, E) is defined in the natural manner and its
closed subspace Ck,αω,0 ([0,∞[, E) is defined to consist of those functions which vanish at
zero. We verify that the Green’s operator of L˜a for the Dirichlet problem is
K˜a,0[u](y) :=
∫ ∞
0
K˜a(y − z)u(z)dy −
∫ 0
−∞
K˜a(y − z)u(−z)dy. (3.16)
Proceeding as before, we obtain
Theorem 3.2.5
For all 0 ≤ ω < a, L˜a defines a linear isomorphism from C2,αω,0([0,∞[, E) into C0,αω ([0,∞[, E)
with inverse K˜a.
We now consider the case where the weight ω is greater than a. This setting yields the
richer structure which underlies the asymptotic series described in Section 3.1. Consider
a finite vector ω := (ω0, ..., ωm) of real weights, where
a = ω0 < ... < ωm. (3.17)
Define the spaces
A˜k,αω := 〈e−ω0y, ..., e−ωm−1y〉 ⊕ Ck,αωm ([0,∞[),
A˜k,αω,0 :=
{
f ∈ A˜k,αω | f(0) = 0
}
and
A˜k,αω,∗ := 〈e−ω1y, ..., e−ωm−1y〉 ⊕ Ck,αωm ([0,∞[).
(3.18)
Observe that L˜a maps A˜2,αω,0 into A˜0,αω,∗.
Theorem 3.2.6
For all ω satisfying (3.17), K˜a,0 defines a bounded linear map from A˜0,αω,∗ into A˜2,αω,0 such
that
L˜aK˜a,0 = Id.
In particular, L˜a defines a linear isomorphism from A˜2,αω,0 into A˜0,αω,∗ with inverse K˜a,0.
Proof: Indeed, we verify that, for 1 ≤ i ≤ m− 1,
K˜a,0[e
−ωiy] = − 1
(ω2i − a2)
e−ay +
1
(ω2i − a2)
e−ωiy.
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On the other hand, for u ∈ C0,αωm ([0,∞[),
K˜a,0[u] = v1 + v2,
where
v1(y) := −1
a
e−ay
∫ ∞
0
sinh(az)u(z)dz and
v2(y) := −1
a
∫ ∞
y
sinh(a(z − y))u(z)dz.
We verify that ∣∣∣∣−1a
∫ ∞
0
sinh(az)u(z)dz
∣∣∣∣ ≤ 1a(ωm − a)‖u‖′C0ωm and
‖v2‖′C0ωm ≤
1
a(ωm − a)‖u‖
′
C0ωm
.
Finally, since L˜av2 = u,
‖v2‖C2,αωm ≤ C‖u‖C0,αωm
for a suitable constant C, and the result follows. 
3.3 - The two-dimensional linear problem. For all m ∈ Z, define Πm : L2(S1)→ R
and Im : R→ L2(S1) by
Πm[u] :=
1
2pi
∫ 2pi
0
u(x)e−imxdx and
Im[λ] := λe
imx.
(3.19)
The operators Πm[u] and ImΠm[u] yield respectively the m’th Fourier coefficient of u and
the orthogonal projection of u onto the m’th Fourier mode with respect to the standard
L2 inner product of S1. For all m, denote
Pm :=
∑
|n|<m
InΠn and
P⊥m := Id− Pm.
(3.20)
As before, let E be a Banach space and, for all ω and for all (k, α), define the ω-weighted
Ck,α-norm for k-times differentiable functions u : S1 × R→ R by
‖u‖Ck,αω := ‖ue
ω〈y〉‖Ck,α . (3.21)
Let ω := (ω0, ..., ωm) be a vector of (m + 1) real weights. For all (k, α), define the ω-
weighted Ck,α-norm by
‖u‖Ck,αω :=
∑
|n|<m
‖Πn[u]‖Ck,αωn + ‖P
⊥
m [u]‖Ck,αωm , (3.22)
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and let Ck,αω (S
1 × R1, E) denote the Banach space of k-times differentiable functions u :
S1 × R→ E for which this norm is finite.
Consider now the second-order, linear partial differential operator
Lau := ∂
2
xu+ ∂
2
yu− a2u. (3.23)
By classical Fourier analysis (see [4]), its Green’s function is
Ka(x, y) :=
∑
m∈Z
Ka,m(x, y), (3.24)
where, for all m,
Ka,m(x, y) := − 1
4pi
√
m2 + a2
eimxe−
√
m2+a2|y|, (3.25)
and its Green’s operator is
Ka[u](x, y) :=
∫ 2pi
0
∫ ∞
−∞
Ka(x− ξ, y − η)u(ξ, η)dξdη. (3.26)
For all m ≥ 0, denote
K⊥a,m(x, y) :=
∑
|n|≥m
Ka,n(x, y), (3.27)
and denote by K⊥a,m the integral operator that it defines. Trivially,
Ka,m = K
⊥
a,m +
∑
|n|<m
InK˜√a2+n2Πn, (3.28)
where, for each n, K˜√a2+n2 is the operator defined in Section 3.2. It follows from elementary
Fourier analysis that the function K⊥a,m is locally of class L
2 and therefore also locally of
class L1. In addition, since the sum (3.27) is close to being a geometric series, we obtain
Lemma 3.3.1
For all m and for all Y > 0, there exists B > 0 such that, for all |y| ≥ Y ,
K⊥a,m(x, y) ≤ Be−
√
m2+a2|y|. (3.29)
This in turn yields
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Lemma 3.3.2
For all m, and for all |ω| < √m2 + a2, K⊥a,m defines a bounded linear map from C0,αω (S1×
R, E) into C2,αω (S1 × R, E) such that
LaK
⊥
a,m = Id−
∑
|n|<m
InΠn. (3.30)
Proof: Indeed, using Lemma 3.3.1, we show as in Lemma 3.2.2 that K⊥a,m defines a bounded
linear map from C0ω(S
1 ×R, E) into C0ω(S1 ×R, E). Differentiating under the integral, we
verify that, for all u ∈ C0ω(S1 × R, E), K⊥a,m[u] is twice differentiable and satisfies
LaK
⊥
a,m[u] = u−
∑
|n|<m
InΠn[u].
By the classical theory of elliptic operators (see [10]), it follows that K⊥a,m defines a bounded
linear map from C0,αω (S
1 × R, E) into C2,αω (S1 × R, E). This completes the proof. 
Lemma 3.3.3
For all ω such that, for all 0 ≤ i ≤ m,
|ωi| <
√
a2 +m2, (3.31)
Ka defines a bounded linear map from C
0,α
ω (S
1 × R, E) into C2,αω (S1 × R, E) such that
LaKa = Id.
Proof: This follows from Lemmas 3.2.3 and 3.3.2 together with (3.28). 
This yields
Theorem 3.3.4
For all a > 0 and for all ω such that, for all 0 ≤ i ≤ m,
0 ≤ ωi <
√
a2 + i2, (3.32)
La defines a linear isomorphism from C
2,α
ω (S
1 × R, E) into C0,αω (S1 × R, E) with inverse
Ka.
Proof: Indeed, by Lemma 3.3.3, Ka defines a right inverse of La. By the maximum
principle, La is injective, and the result follows. 
We now consider the Dirichlet problem. For all ω and for all (k, α), the Banach space
Ck,αω (S
1 × [0,∞[, E) is defined in the natural manner and its closed subspace Ck,αω,0 (S1 ×
[0,∞[, E) is defined to consist of those functions which vanish along the boundary S1×{0}.
We verify that the Green’s operator of La for the Dirichlet problem is
Ka,0[u](x, y) :=
∫ 2pi
0
∫ ∞
0
Ka(x− ξ, y − η)u(ξ, η)dξdη
−
∫ 2pi
0
∫ 0
−∞
Ka(x− ξ, y − η)u(−ξ, η)dξdη.
(3.33)
Proceeding as before, we obtain
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Theorem 3.3.5
For all a > 0 and for all ω such that, for all 0 ≤ i ≤ m,
0 ≤ ωi <
√
a2 + i2, (3.34)
La defines a linear isomorphism from C
2,α
ω,0(S
1 × R, E) into C0,αω (S1 × R, E) with inverse
Ka,0.
We now consider the case where the weight in each Fourier mode is permitted to be
greater than the corresponding constant term. Recall the subsetsM0 andM of R2 defined
in Section 3.1. For (λ, µ) ∈M, define
u(λ,µ)(x, y) := e
iλxe−µy. (3.35)
For all ω > 0 and for all (k, α), define
Ak,αω := 〈u(λ,µ) | (λ, µ) ∈M, µ < ω〉 ⊕ Ck,αω (S1 × [0,∞[)
Ak,αω,0 :=
{
u ∈ Ak,αω | u(x, 0) = 0 ∀x
}
, and
Ak,αω,∗ := 〈u(λ,µ) | (λ, µ) ∈M \M0, µ < ω〉 ⊕ Ck,αω (S1 × [0,∞[).
(3.36)
In addition, denote
Ak,α := ∩
ω>0
Ak,αω , (3.37)
and
A := ∩
k,α
Ak,α. (3.38)
Observe that A coincides with the space defined in (3.7). The spaces Ak,α and A carry
natural Frechet structures. Furthermore, for all (k, α), every function u ∈ Ak,α has a
unique asymptotic expansion of the form
u ∼
∑
(λ,µ)∈M
aλ,µuλ,µ, (3.39)
where, for all (λ, µ) ∈M, aλ,µ is a complex coefficient. The derivatives of all such functions
up to and including order k also have unique asymptotic expansions of the same form, which
are determined by differentiating (3.39) term by term. Finally, combining Theorem 3.2.6
and Lemma 3.3.2 yields
Theorem 3.3.6
For all a > 0 and for all ω > 0, Ka,0 defines a bounded linear map from A0,αω,∗ into A2,αω,0
such that
LaKa,0 = Id.
In particular, La defines a linear isomorphism from A2,αω,0 into A0,αω,∗ with inverse Ka,0.
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3.4 - Products. Let E1, E2 and F be Banach spaces. Let b : E1⊕E2 → F be a bounded
bilinear map, and define the operator
B[u, v](x, y) := b(u(x, y), v(x, y)). (3.40)
Let X be a manifold locally isometric to Rd× [0,∞[ for some d ≥ 0. Recall (see Appendix
A) that B defines a bounded bilinear map from Ck,α(X,E1)⊕Ck,α(X,E2) into Ck,α(X,F ).
We now extend this property to weighted spaces.
Lemma 3.4.1
(1) If ω1 ≥ ω2, then the canonical embedding Jω2,ω2 : Ck,αω1 (X,E) → Ck,αω2 (X,E) is con-
tinuous.
(2) If ωi ≥ ω for all 0 ≤ i ≤ m, then the canonical embedding Jω,ω : Ck,αω (X,E) →
Ck,αω (X,E) is continuous.
(3) If ωi ≤ ω for all 0 ≤ i ≤ m, then the canonical embedding Jω,ω : Ck,αω (X,E) →
Ck,αω (X,E) is continuous.
Proof: It suffices to prove (1) as the proofs of (2) and (3) are almost identical. Since
e(ω2−ω1)〈x〉 is an element of Ck,α(R), the operator µω1−ω2 defines a bounded linear map
from Ck,α(X,E) to itself. Since Jω2,ω1 = µω2µω1−ω2µ−ω1 , the result follows. 
Lemma 3.4.2
For all ω1, ω2, ω3 ∈ R such that ω1 + ω2 ≥ ω3, B defines a bounded bilinear map from
Ck,αω1 (X,E)⊕ Ck,αω2 (X,E) into Ck,αω3 (X,F ).
Proof: Indeed, B = Jω3,(ω1+ω2)µ(ω1+ω2)B(µ−ω1 ·, µ−ω2 ·), and the result follows. 
Lemma 3.4.3
If ω is such that, for all 0 ≤ i, j ≤ m,
ωi + ωj ≥ ωmin(i+j,m), (3.41)
then B defines a continuous bilinear map from Ck,αω (X,E1)⊕Ck,αω (X,E2) into Ck,αω (X,F ).
Proof: Indeed, for u ∈ Ck,αω (X,E1) and v ∈ Ck,αω (X,E2),
B[u, v] = B1[u, v] + B2[u, v] + B3[u, v],
where
B1[u, v] :=
∑
|i|,|j|<m
Ii+jB[Πiu,Πjv],
B2[u, v] :=
∑
|i|<m
B[IiΠiu,P
⊥
mv] +
∑
|i|<m
B[P⊥mu, IiΠiv], and
B3[u, v] := B[P
⊥
mu,P
⊥
mv].
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By definition, for all |i| < m, Πi defines a continuous linear map from Ck,αω (X,Ei)
into Ck,αωi (R, Ei) and continuity of B1 follows by Lemma 3.4.2. By Item (2) of Lemma
3.4.1, for all 0 ≤ |i| < m, IiΠi defines a continuous linear map from Ck,αω (X,Ei) into
Ck,αω0 (X,Ei). By definition, P
⊥
m defines a continuous linear map from C
k,α
ω (X,Ei) into
Ck,αωm (X,Ei). By Lemma 3.4.2 and (3.41), B defines a continuous bilinear map from
Ck,αω0 (X,E1) ⊕ Ck,αωm (X,E2) into Ck,αωm (X,F ), and continuity of B2 follows by Item (3)
of Lemma 3.4.1. Finally, by Lemma 3.4.2, B defines a continuous bilinear map from
Ck,αωm (X,E1) ⊕ Ck,αωm (X,E2) into Ck,αωm (X,F ), and continuity of B3 follows by Item (3) of
Lemma 3.4.1. This completes the proof. 
A similar reasoning yields
Lemma 3.4.4
For all ω > 0, B defines a continuous bilinear map from Ak,αω ⊕Ak,αω into Ak,αω′,∗, where
ω′ = min(2ω, ω + a). (3.42)
Remark 3.4.1. In particular, the operator B defines a bilinear map which is continuous
in the Frechet sense from A⊕A into A. Furthermore, the argument used in the proof of
Lemma 3.4.3 shows that, for any two u, v ∈ A, the asymptotic series of the product uv is
obtained by multiplying term by term the asymptotic series of each of u and v.
3.5 - Non-linear operators. Let E and F now be finite-dimensional vector spaces. Let
Ω be an open subset of E. Let Φ : Ω → F be a smooth function. Let CΦ denote the
operator of composition by Φ, that is
CΦ[u] := Φ ◦ u. (3.43)
Let ω := (ω0, ..., ωm) be a finite vector of real weights such that, for all 0 ≤ i, j ≤ m,
ωi + ωj ≥ ωmin(i+j,m).
By Lemma 3.4.3, upon rescaling the norm of Ck,αω (R × S1) if necessary, we may suppose
that, for u, v ∈ Ck,αω (R× S1),
‖uv‖Ck,αω ≤ ‖u‖Ck,αω ‖v‖Ck,αω .
It then follows that if Φ is analytic with radius of convergence R about 0, then CΦ is also
analytic with the same radius of convergence about 0. This in itself would be sufficient
for our purposes since the functions of interest to us are all analytic. However, for com-
pleteness, we consider also the case where Φ is an arbitrary smooth function. To this end,
define
Ok,αω (S1 × R,Ω) := ∪
K⊆Ω
Ok,αω (S1 × R,K), (3.44)
where K varies over all compact subsets of Ω and, for all such K,
Ok,αω (S1 × R,K) :=
{
f ∈ Ck,αω (S1 × R) | Im(f) ⊆ K
}
. (3.45)
Observe that, if ω0 ≥ 0, then this set is open in Ck,αω (S1 ×R, E). It is the natural domain
over which CΦ is defined.
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Lemma 3.5.1
If ω0 > 0, then for all (k, α), CΦ defines a continuous function from Ok,αω (S1 × R,Ω) into
Ck,αω (S
1 × R).
Proof: It suffices to prove the case where E = F = R. The general case is similar. Let
M > 0 be such that
Mω0 > ωm.
There exists a polynomial P of order (M −1) and a smooth function Ψ : Ω→ R such that,
for all x ∈ Ω,
Φ(x) = P (x) + Ψ(x)xM .
In particular, for all u,
CΦ[u] = CP [u] + CΨ[u]u
M . (3.46)
Since P (0) = Φ(0) = 0, by Lemma 3.4.3, CP defines a continuous function from C
k,α
ω (S
1×
R) to itself. Recall now (see Appendix A) that CΨ defines a continuous function from
Ck,α(S1 × R) to itself. Furthermore, by Lemma 3.4.2, multiplication defines a continuous
function from Ck,α(S1 × R)⊕ Ck,αω0 (S1 × R)M into Ck,αMω0(S1 × R). Thus, since
CΨ[u]u
M = Jω,Mω0
[
(CΨ ◦ J0,ω)[u])Jω0,ω[u]M
]
,
the result follows by Lemma 3.4.1. 
Lemma 3.5.2
If ω0 > 0, then for all (k, α), CΦ defines a differentiable function from Ok,αω (S1 × R) into
Ck,αω (S
1 × R) with derivative at u ∈ Ok,αω (S1 × R) given by(
DCΦ[u]v
)
(x, y) = CDΦ[u](x, y)v(x, y). (3.47)
Proof: Choose u ∈ Ok,αω (S1 × R). For sufficiently small v ∈ Ck,αω (S1 × R), denote
Ψ[v] := CDΦ[u+ v]− CDΦ[u].
By the fundamental theorem of calculus, for all (x, y),
CΦ[u+ v](x, y)− CΦ[u](x, y)− CDΦ[u](x, y)v(x, y) =
∫ 1
0
Ψ[sv](x, y)dsv(x, y).
Choose  > 0. By Lemma 3.5.1, Ψ is continuous. Since Ψ[0] = 0, there therefore exists
δ > 0 such that, for ‖v‖Ck,αω < δ,
‖Ψ[v]‖Ck,αω < .
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Furthermore, by continuity, the function s 7→ Ψ[sv] is integrable as a function taking
values in the Banach space Ck,αω (S
1 × R). It follows by convexity of the norm that, for
‖v‖Ck,αω < δ, ∥∥∥∥∫ 1
0
Ψ[sv]ds
∥∥∥∥
Ck,αω
≤
∫ 1
0
‖Ψ[sv]‖Ck,αω ds < .
Consequently, for ‖v‖Ck,αω < δ,∥∥CΦ[u+ v]− CΦ[u]− CDΦ[u]v∥∥Ck,αω < ‖v‖Ck,αω .
Since  > 0 is arbitrary, the result follows. 
Applying Lemma 3.5.2 inductively yields
Theorem 3.5.3
If ω0 > 0 and if Φ[0] = 0 then, for all (k, α), CΦ defines a smooth function from Ok,αω (S1×
R,Ω) into Ck,αω (R× S1,Ω).
Finally, for ω > 0 and for all (k, α). Define
Uk,αω (Ω) := ∪
K⊆Ω
Uk,αω (S1 × R,K), (3.48)
where K varies over every compact subset of Ω and, for all such K,
Uk,αω :=
{
u ∈ Ak,αω | Im(u) ⊆ K
}
. (3.49)
Repeating the proof of Theorem 3.5.3 yields
Lemma 3.5.4
(1) If ω > 0 and if Φ(0) = 0, then CΦ defines a smooth function from Uk,αω (Ω) into Ak,αω .
(2) If, in addition DΦ(0) = 0, then CΦ defines a smooth function from Uk,αω (Ω) into
Ak,αω+a,∗.
Remark 3.5.2. In particular, when Φ(0) = 0, CΦ defines a map from a neighbourhood of
0 in A into A which is smooth in the Frechet sense. Furthermore, bearing in mind (3.46),
we see that, for any u ∈ A, the asymptotic series of CΦ[u] is determined by substituting
the asymptotic series of u formally into the MacLaurin series of Φ.
3.6 - The Dirichlet solution operator. Recall that R : Ck,αω (S
1× [0,∞[)→ Ck,α(S1)
denote the operator of restriction onto S1 × {0}.
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Theorem 3.6.1
If a > 0 and if ω := (ω0, ..., ωm) is such that, for all 0 ≤ i ≤ m,
0 < ωi <
√
a2 + i2, (3.50)
and, for all 0 ≤ i ≤ m,
ωi + ωj ≥ ωmin(i+j,m), (3.51)
then there exists a neighbourhood U of 0 in C2,α(S1) and a smooth map S : U →
C2,αω ([0,∞[×S1) such that, for all v ∈ U ,
(1) RS[v] = v and
(2) PS[v] = 0.
Furthermore, upon reducing U if necessary, S is unique.
Remark 3.6.3. We show in the usual manner that for all k + β ≥ 2 + α, S maps
U ∩Ck,β(S1) smoothly into Ck,βω ([0,∞[×S1). In addition, the same function S maps
U ∩Ck,β(S1) smoothly into Ck,βω′ ([0,∞[×S1) for any other ω′ satisfying the hypotheses
of Theorem 3.6.1.
Proof: Indeed, by Theorem 3.3.5, (R,La) defines a linear isomorphism from C
2,α
ω (S
1 ×
[0,∞[) into the product C2,α(S1) × C0,αω (S1 × [0,∞[). By the inverse function theorem,
there exists a neighbourhood U˜ of 0 in C2,α(S1) × C0,αω (S1 × [0,∞[) and a smooth map
S˜ such that, for all (v, w) ∈ U˜ , (RS˜[v, w],PS˜[v, w]) = (v, w). Existence follows upon
setting S[v] := S˜[v, 0] and uniqueness follows by the uniqueness part of the inverse function
theorem. 
For all ω and for all (k, α), let Ak,αω be the Banach space defined in (3.37).
Theorem 3.6.2
Let U and S be as in Theorem 3.6.1. For all ω > 0, S defines a smooth map from U into
A2,αω .
Remark 3.6.4. A suitable refinement of Theorem 3.6.1 shows that, for all k + β ≥ 2 + α
and for all ω, S defines a smooth map from U ∩Ck,β(S1) into Ak,βω . In particular, for
smooth initial data, the asymptotic series constructed by Theorem 3.6.2 are differentiable
to all orders. The theorem as stated is, however, quite sufficient for our purposes.
Proof: Indeed, for ω < a, the result follows by Theorem 3.6.1. Let W ⊆]0,∞[ be the set
of all weights for which the assertion is true. Since, for ω′ < ω, the canonical embedding
J : A2,αω → A2,αω′ is a bounded linear map, it follows that W is an interval with lower
extremity 0. Let ω0 := Supp(W ) and suppose that ω0 < ∞. Denote ω := ω0 − a/2. By
Item (2) of Lemma 3.5.4, for u ∈ U2,αω (Ω),
CF (S[u], DS[u], D
2S[u]) ∈ A0,αω+a,∗.
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By Theorem 3.3.6, (R,La) defines a linear isomorphism from A2,αω+a into C2,α(S1)⊕A0,αω+a,∗.
However, for all u,
(R,La)S[u] = (0,CF (S[u], DS[u], D
2S[u])),
so that S maps U smoothly into A2,αω+a. This is absurd, by definition of ω0. It follows that
ω0 =∞, and this completes the proof. 
4 - The asymptotic geometry of k-ends.
4.1 - Abstract k-ends. For m ∈ N, denote
mS1 := R/2pimZ, (4.1)
and define an abstract k-end of orderm to be a smooth, bounded solution u : mS1×[0,∞[→
R of the equation
kuxx + uyy − (1− k)u = F (u,Du,D2u), (4.2)
where F is a smooth function of its arguments satisfying
(1) F (0, 0, 0) = 0, DF (0, 0, 0) = 0, and
(2) for all u and for all (a, b)t ∈ R2,
F (u+ σ[a, b], Du+Dσ[a, b], D2u+D2σ[a, b]) = F (u,Du,D2u), (4.3)
where σ[a, b] is the function defined in (2.8). The second condition ensures that whenever
u is an abstract k-end, so too is
u+ σ[a, b],
for all (a, b)t ∈ R2. Bearing in mind (2.6), this function will be called the translation of u
by the vector (a, b)t.
We now apply the asymptotic analysis of Section 3 to the case of abstract k-ends. For
m ∈ N, let Mm denote the subsemigroup of R2 generated by
Mm,0 :=
{
1
m
(
n,
√
n2k +m2(1− k)) ∣∣∣∣ n ∈ Z} . (4.4)
For every weight ω > 0, define the Banach space Ak,αm,ω as in (3.36) with Mm instead of
M and define the Frechet space Am by
Am := ∩
ω>0
∩
k,α
Ak,αm,ω. (4.5)
Every sufficiently small abstract k-end is an element of Am which is uniquely defined by
its initial data and which varies smoothly in Am as the initial data varies in C∞(mS1).
For all (λ, µ) ∈Mm, let aλ,µ be the operator defined in Section 3.1. This operator defines
a continuous linear map from the Frechet space Am into C. Furthermore, by definition,
for all u ∈ Am,
u ∼
∑
(λ,µ)∈Mm
aλ,µ[u]e
iλxe−µy. (4.6)
In addition, the asymptotic series of every derivative of u is obtained by differentiating
(4.6) term by term. Finally, given any smooth function Φ with Φ(0) = 0, the composition
operator CΦ defines a smooth map from a neighbourhood of 0 in Am into Am such that,
for all u in this neighbourhood, the asymptotic series of CΦ[u] is obtained by formally
substituting (4.6) into the MacLaurin series for Φ.
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4.2 - The radius and centroid. The points (0,
√
1− k) and (±1, 1) are always elements
ofMm,0 independently of m. We thus define respectively the radius and centroid operators
by
r := a(0,
√
1−k) and
c := (a(1,1) + a(−1,1), ia(1,1) − ia(−1,1)).
(4.7)
These operators are equivariant under rotations, dilatations and translations in the sense
that, for every abstract k-end u, for all ξ, η ∈ R and for all (a, b)t ∈ R2,
r[u(·+ ξ, ·)] = r[u],
c[u(·+ ξ, ·)] = R[ξ]c[u],
r[u(·, ·+ η)] = e−
√
1−kηr[u],
c[u(·, ·+ η)] = e−ηc[u],
r[u+ σ[a, b]] = r[u] and
c[u+ σ[a, b]] = T[a, b]c[u],
(4.8)
where the linear maps R[ξ] and T[a, b] are defined by
R[ξ](x, y) := (cos(ξ)x+ sin(ξ)y,−sin(ξ)x+ cos(ξ)y) and
T[a, b](x, y) := (x+ a, y + b).
(4.9)
Recall from Section 2.3 that, for all u ∈ Am, Φ[u] defines a smooth map from mS1 ×
[0,∞[ into H3. Since
u+ uxx = r[u]e
−√1−ky + o(e−
√
1−ky), (4.10)
it follows from (2.31) that Φ[u] is immersed for sufficiently large y provided that
r[u] 6= 0. (4.11)
For this reason, we will henceforth only consider abstract k-ends of strictly positive radius.
The role of the centroid is made clear by the following
Lemma 4.2.1
For all u ∈ Am,∫
mS1
(
acos(x) + bsin(x)
)
u(x, y)dx = e−ympi〈(a, b), c[u]〉e + O(e−
√
4−3ky), (4.12)
as y tends to infinity. Furthermore, the coefficient of the remainder term is locally uniformly
bounded as u varies in Am.
Proof: Indeed, for all y, the Fourier series of u(·, y) is
u(x, y) =
1
2
α0(y) +
∞∑
n=1
αn(y)cos
(nx
m
)
+
∞∑
n=1
βn(y)sin
(nx
m
)
.
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Consider now the subset X of M\M0 given by
X := {(λ, µ) | λ = 1} ,
and order the elements of this set by their y-components. Observe that the least element
of this set is obtained by adding two elements of M0 so that, by elementary calculus, its
y-component is bounded below by
√
4− 3k. Since u ∈ Am, it follows that
αm(y) = c1[u]e
−y + O(e−
√
4−3ky) and
βm(y) = c2[u]e
−y + O(e−
√
4−3ky).
Furthermore, the coefficients of the remainder terms are locally bounded as u varies in
Am. The result now follows by the Fourier integral formulae. 
In particular, this yields Theorem 1.1.1.
Proof of Theorem 1.1.1: Indeed, there exists a unique translation of u, namely the
translation by −c[u], for which the first term on the right-hand side of (4.12) vanishes.
Consider now the case where u is an abstract k-end. Recall from Section 2.3 that uy :=
u(·, y) is the support function of the curve Φy[u] in the horosphere at height ey. The integral
on the left-hand side of (4.12) is thus none other than the Steiner curvature centroid of
this curve, and the result follows. 
Lemma 4.2.1 guarantees convergence of the integrals that will be studied in the sequel.
We thus conclude this section by establishing when the centroid of a given element of Am
vanishes. To this end, define
Am,∗ := {u ∈ Am | aλ,µ[u] = 0 ∀(λ, µ) ∈Mm,0} and
Am,c := {u ∈ Am | c[u] = (0, 0)} .
(4.13)
Observe that
Am,∗ ⊆ Am,c ⊆ Am,
and that both Am,∗ and Am,c are ideals of the multiplicative Frechet algebra Am which
are closed under the action of differentiation.
Lemma 4.2.2
For all u ∈ Am,
u+ uxx ∈ Am,c and
u+ uy ∈ Am,c.
(4.14)
Proof: Indeed, the asymptotic series of uxx and uy are obtained by differentiating term
by term the asymptotic series of u. The result follows. 
4.3 - The geometry of k-ends. Let u : mS1 × [0,∞[→ R be an abstract k-end with
strictly positive radius. By (4.10) we may suppose that Φ[u] defines a smooth immersion
from mS1 × [0,∞[ into H3. We now use the notation of Sections 2.3 and 2.4.
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Lemma 4.3.1
The form
H[u]dArea[u]− dxdy
is integrable over mS1× [0,∞[. Furthermore, its L1-norm is locally uniformly bounded as
u varies in Am.
Proof: Indeed, by (2.29) and (2.40),
H[u]dArea[u]− dxdy = fdxdy,
where f ∈ Am. Since
f = r[f ]e−
√
1−ky + o(e−
√
1−ky),
the result follows. 
Lemma 4.3.2
The length of Φy[u] satisfies
L[u](y) = 2pimr[u]e−
√
1−ky + o(e−
√
1−ky). (4.15)
Furthermore, the coefficient of the remainder term is locally uniformly bounded as u varies
in Am.
Proof: Indeed, by (2.30) and (4.10) the length element of Φy[u] satisfies
dl[u] =
(
r[u]e−
√
1−ky + o(e−
√
1−ky)
)
dx,
and the result follows upon integrating this form over mS1. 
Lemma 4.3.3
The geodesic curvature of Φy[u] with respect to the normal ν[u] satisfies
κy[u] = −
√
1− k + o(1). (4.16)
Furthermore, the coefficient of the remainder term is locally uniformly bounded as u varies
in Am.
Remark 4.3.5. In the case where u solves the gaussian curvature equation (2.42), the
intrinsic curvature of the immersion Φ[u] is constant and equal to (k − 1). In particular,
horocircles in this surface have constant geodesic curvature equal to −√1− k with respect
to their inward-pointing normals. Since Φy[u] is the intersection of Φ[u] with the horizontal
horosphere at height ey, Lemma 4.3.3 confirms our expectation that the intersections of
k-ends with horoballs are asymptotic to horodisks in the surface.
Proof: Indeed, by (2.43),
κy[u] =
C(uy − uxx)
(u+ uxx)
= −√1− k + o(1),
and the result follows. 
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4.4 - Killing vector fields. The Mo¨bius group SO(3, 1) acts by orientation-preserving
isometries on H3. Its Lie algebra so(3, 1) therefore defines a 6-dimensional family of vector
fields over H3 whose flows preserve the metric. These vector fields are known as Killing
vector fields of H3. In what follows, we will be particularly interested in the field
Xa,b := M∗a,
where M : H3 → H3 is the orientation-reversing hyperbolic isometry given by
Mx :=
x
‖x‖2e
, (4.17)
and
a := (a, b, 0)t
is a constant horizontal vector.
The field Xa,b is given explicitly by
Xa,b(x) = ‖x‖2ea− 2〈x, a〉ex. (4.18)
By (2.24), (2.32) and (2.33), for all u ∈ Am,
〈a,Φ[u]〉g = ae−yucos(x)− ae−yuxsin(x) + be−yuxcos(x) + be−yusin(x),
〈a,N[u]〉g = Cae−ycos(x) + Cbe−ysin(x) and
〈a, ν[u]〉g = Sae−ycos(x) + Sbe−ysin(x),
(4.19)
so that, by (2.36) and (2.37),
〈Xa,b(Φ[u]),N[u]〉g = a(1 + f1)eycos(x) + af2eysin(x)
+ bf3e
ycos(x) + b(1 + f4)e
ysin(x),
(4.20)
where
f1, f2, f3, f4 ∈ Am.
Likewise, by (2.33), (2.36), (2.37) and (4.14),
〈Xa,b(Φ[u]), ν[u]〉g = −2a(u+ g1)eycos(x) + 2a(ux + g2)eysin(x)
− 2b(ux + g3)etcos(x)− 2b(u+ g4)eysin(x),
(4.21)
where
g1, g2, g3, g4 ∈ Am,c.
This yields
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Lemma 4.4.1
For every abstract k-end u, the limit
Lim
T→∞
∫ T
0
∫
mS1
〈Xa,b(Φ[u]), N [u]〉gdArea[u]
converges as T tends to infinity. Furthermore, this convergence is locally uniform as u
varies in Am.
Proof: Indeed, since Am,c is an ideal in Am, it follows by (2.29), (4.14) and (4.21) that
〈Xa,b(Φ[u]),N[u]〉gdArea[u] = (f1eycos(x) + f2eysin(x))dxdy,
where f1, f2 ∈ Am,c. The result now follows by Lemma 4.2.1. 
Lemma 4.4.2
For every abstract k-end u,∫
mS1
H[u]〈Xa,b(Φ[u]), ν[u]〉gdl[u] = −4pim〈(a, b), c[u]〉e + O(ey−
√
4−3ky). (4.22)
as y tends to infinity. Furthermore, the coefficient of the remainder term is locally uniformly
bounded as u varies in Am.
Proof: Since Am,c is an ideal in Am, it follows by (2.30), (2.40) and (4.21) that
H[u]〈Xa,b(Φ[u]), ν[u]〉gdl[u] = −2aueycos(x)dx+ 2auxeysin(x)dx− 2buxeycos(x)dx
− 2bueysin(x)dx+ f1eycos(x)dx+ f2eysin(x)dx,
where f1, f2 ∈ Am,c. Since
c2[ux] = −c1[u] and
c1[ux] = c2[u],
the result now follows by Lemma 4.2.1. 
Let ∂ν denote the derivative in the direction of ν.
Lemma 4.4.3
For every abstract k-end u,∫
mS1
∂ν〈Xa,b(Φ[u]), ν[u]〉gdl[u] = O(ey−
√
4−3ky), (4.23)
as y tends to infinity. Furthermore, the coefficient of the term on the right-hand side is
locally uniformly bounded as u varies in Am.
Proof: By (2.30) and (2.35), for arbitrary f : mS1 × [0,∞[→ R,
∂νfdl[u] =
(C(u+ uxx)fx − C(uxy + ux)fy)dx.
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Since Am,c is an ideal which is closed under differentiation, it follows by (4.14) that
∂νfdl[u] = (g1fx + g2fy)dx,
where g1, g2 ∈ Am,c. It now follows by (4.21) that
∂ν〈Xa,b(Φ[u]), ν[u]〉gdl[u] = g3eycos(x)dx + g4eysin(x)dx,
where g3, g4 ∈ Am,c. The result now follows by Lemma 4.2.1. 
Finally, consider the form α∞ defined over H3 by
α∞ := − 1
2z2
dxdy.
The geometric significance of this form will become clear presently. For the moment, it
will be sufficient to show
Lemma 4.4.4
For every abstract k-end u, ∫
mS1
iXa,bα∞ = O(e
y−√4−3ky) (4.24)
as y tends to infinity. Furthermore, the coefficient of the term on the right-hand side is
locally uniformly bounded as u varies in Am.
Proof: Indeed, by (2.32), (2.33) and (5.14),
α∞(N[u],T[u]) := 1 + f1 and
α∞(ν[u],T[u]) := f2,
where f1 ∈ Am,∗ and f2 ∈ Am. It follows by (4.20) and (4.21) that
α∞(Xa,b(Φ[u]),T[u]) = −(1 + f3)aeycos(x)− (1 + f4)beysin(x),
where f3, f4 ∈ Am. Since Am,c is an ideal in Am, it follows by (2.30) and (4.14) that
α∞(Xa,b(Φ[u]),T[u])dl[u] = f5aeycos(x) + f6beysin(x),
where f5, f6 ∈ Am,c. The result now follows by Lemma 4.2.1. 
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5 - Area, generalised volume and renormalised energy.
5.1 - Perturbations of finite-type k-surfaces. Let (S, e) be a finite-type k-surface in
H3, let n be the number of ends of this surface and, for 1 ≤ i ≤ n, let mi be the wrapping
order of the i’th end. Choose an explicit upper half-space parametrisation of H3 as in
Section 2.1 and suppose that none of the extremities z1[e], ..., zn[e] of (S, e) lie at infinity.
For all i, let hi be a horofunction of H3 centred at zi[e]. As in Section 1.3, for all T ∈ R,
denote
ST := {x ∈ S | (hi ◦ e)(x) ≥ T ∀i} . (5.1)
Upon modifying h1, ..., hn if necessary, we may assume that ∂S0 is smooth and that the
complement of its interior in S consists of n distinct k-ends, S0,1, ..., S0,n. For each i,
identify S0,i with miS
1 × [0,∞[, let Mi be the hyperbolic isometry
Mix :=
x
‖x‖2 + zi[e], (5.2)
and let ui ∈ Ami be an abstract k-end such that
e|S0,i = Mi ◦ Φ[ui], (5.3)
where Φ is the operator defined in Section 2.3.
In this section we describe the local smooth structure of the stratum of (S, e) in Sk.
In particular, we will show that nearby points of this stratum are smoothly parametrised
by their extremities. To this end, we first construct an infinite-dimensional family of
perturbations of e in C∞(S,H3). This construction is carried out in two stages. In the first,
we construct a finite-dimensional family of perturbations which are large at infinity and,
in the second, we extend this finite-dimensional family by an infinite-dimensional family of
perturbations which are small at infinity. The finite-dimensional family of perturbations
which are large at infinity is constructed as follows. Let ˜ope : R2k → C∞(S,H3) be such
that
(1) the function ˜ope[a, b](p) : R2k × S → H3 is smooth,
(2) for all p ∈ S,
˜ope[0, 0](p) = e(p),
(3) for all (a, b) ∈ R2k and for all p ∈ S1,
˜ope[a, b](p) = e(p) and
(4) for all 1 ≤ i ≤ n, for all (a, b) ∈ R2k and for all p ∈ S0,i,
˜ope[a, b](p) = T[ai, bi]e(p),
where T[ai, bi] is the hyperbolic isometry defined in (2.7). For all δ > 0, let B
2k
δ (0)
denote the ball of radius δ about the origin in R2k, and choose δ > 0 such that, for all
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(a, b) ∈ B2kδ (0), ˜ope[a, b] is a complete, locally strictly convex immersion. The function e˜
is the desired finite-dimensional family.
The infinite-dimensional extension of e˜ is constructed as follows. Let χ : S → [0, 1] be
a smooth function such that,
(1) for all p ∈ S0,
χ(p) = 0, and
(2) for all 1 ≤ i ≤ n and for all p ∈ S−1,i,
χ(p) = 1.
Define G : H3 ×H3 × R→ H3 such that, for all x, y ∈ H3 and for all t ∈ R,
G(x, y, t) := γ(t),
where γ : R → H3 is the unique geodesic such that γ(0) = x and γ(1) = y. Let N :
B2kδ (0) → C∞(S,UH3) be such that, for all (a, b) and for all p ∈ S, N[a, b](p) is the
outward-pointing unit normal vector of the immersion ˜ope[a, b] at the point p. Define
˜ope : B2kδ (0)× C0(S)→ C0(S,H3) such that,
(1) for all (a, b, v) ∈ B2kδ (0)× C0(S) and for all p ∈ S0,
˜ope[a, b, v](p) := Exp(v(p)N[a, b](p)) and (5.4)
(2) for all 1 ≤ i ≤ n, for all (a, b, v) ∈ B2kδ (0)× C0(S) and for all p ∈ S0,i,
˜ope[a, b, v](p) := G(Exp(v(p)N[a, b](p)), (Mi ◦ Φ[ui + v])(p), χ(p)), (5.5)
where, for each i, Mi and ui are the hyperbolic isometry and abstract k-end given by (5.2)
and (5.3) respectively. This yields the desired infinite-dimensional extension.
Significantly, since ui decays rapidly over Si,0 for all i, it is not clear that ˜ope[a, b, v] is
an immersion even when v itself has rapid decay. In particular, there is no neighbourhood
of 0 in B2kδ (0) × C2(S) over which the extrinsic curvature operator can be meaningfully
defined. For this reason, we introduce the operator
F[a, b, v] :=
K[a, b, v]− k
H[a, b, v]
, (5.6)
where, for all (a, b) ∈ R2k and for all v ∈ C2(S), K[a, b, v] and H[a, b, v] are respectively
the extrinsic and mean curvature functions of the immersion ˜ope[a, b, v]. It follows from
(2.40) and (2.41) that this operator is well-defined for all sufficiently small v even when
˜ope[a, b, v] is not an immersion.
For ω > 0 and for all (k, α), define the Ck,αω -norm of functions over S by
‖u‖Ck,αω = ‖u|S1‖Ck,α +
n∑
i=1
‖u|S0,i‖Ck,αω , (5.7)
and let Ck,αω (S) denote the Banach space of k-times differentiable functions u : S → R
whose Ck,αω -norm is finite. Observe that, for all (a, b) ∈ B2kδ (0), F[a, b, 0] is supported
in S0. It is then straightforward to show that, upon reducing δ if necessary, there exists
neighbourhood O2,αω (S) of zero in C2,αω (S) over which F defines a smooth function taking
values in C0,αω (S).
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Lemma 5.1.1
After reducing δ and O2,αω (S) if necessary, if (a, b, v) ∈ B2kδ (0)×O2,αω (S) solves
F[a, b, v] = 0,
then ˜ope[a, b, v] is a complete, locally strictly convex immersion of constant extrinsic cur-
vature equal to k.
Proof: It suffices to prove that these properties are satisfied over each end of S. However,
for 1 ≤ i ≤ n, over S−1,i = miS1 × [1,∞[, the function ui + v is an abstract k-end. In
particular, it is an element of Ami so that, by (4.10),
(ui + v) + (ui + v)xx = r[ui + v]e
−√1−ky + o(e−
√
1−ky),
where the coefficient of the remainder term is locally uniformly bounded as the k-end varies
in Am. Since r is continuous, upon reducing δ and O2,αω (S) if necessary, there exists T < 0
such that, for every triple (a, b, v) ∈ B2kδ (0)×O2,αω (S) which satisfies F[a, b, v] = 0, for all
1 ≤ i ≤ n, and for all p ∈ ST,i,
(ui + v)(p) + (ui + v)xx(p) > 0,
so that, by (2.31), ˜ope[a, b, v] restricts to an immersion over ST,i. Upon reducing δ and
O2kω (S) further if necessary, we may then suppose that, for all such (a, b, v), ˜ope[a, b, v] is
an immersion over the whole of S. By a similar reasoning, for all such (a, b, v), ˜ope[a, b, v]
may also be taken to be locally strictly convex so that, by (2.40) and (2.41), H[a, b, v] and
K[a, b, v] are well-defined positive functions over S. In particular,
K[a, b, v] = H[a, b, v]F[a, b, v] + k = k,
and the result follows. 
We now study the derivatives of F. Define the positive function φ : S →]0,∞[ such
that
(1) for all p ∈ S0,
φ(p) = 1 and
(2) for all 1 ≤ i ≤ n, and for all p ∈ S0,i,
φ(p) = 1 + χ(Ci − 1),
where
Ci = 1√
1 + (ui + ui,y)2
is the function introduced in (2.4). Let µφ denote the operator of multiplication by φ.
Since, for all (k, α), φ is an element of Ck,α(S), by Lemma 3.4.3, for all ω, the operator
µφ defines a linear isomorphism from C
k,α
ω (S) to itself.
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Lemma 5.1.2
The partial derivative of F with respect to the third component at (0, 0, 0) is given by
D3F[0, 0, 0] · v = 1
H
Jµφv,
where H := H[0, 0, 0] here denotes the mean curvature function of e and J denotes the
Jacobi operator of extrinsic curvature for e.
Proof: Indeed, choose v ∈ C2(S). Define the function w : S → R by
w :=
〈
∂
∂t
˜ope[0, 0, tv]
∣∣∣∣
t=0
,N[e]
〉
g
.
By (5.4), over S0,
w = v.
On the other hand, by (2.24) and (2.32), over each end
〈
∂
∂t
Φ[u+ tv]
∣∣∣∣
t=0
,N[u]
〉
g
= Cv,
so that, by (5.5)
w = µφv.
Since the extrinsic curvature of (S, e) is constant, the first-order variation of K only depends
on the normal component of the first-order variation of e, so that
∂
∂t
K[0, 0, tv]
∣∣∣∣
t=0
= Jw = Jµφv.
The result now follows by the product rule, since the numerator in (5.6) vanishes at
(0, 0, 0). 
In Proposition 3.1.1 of [16] it is shown that the Jacobi operator of extrinsic curvature of
(S, e) is given by
Jv =
1
k
H(1− k)v − Tr(A−1Hess(v)), (5.8)
where A := A[e] is the shape operator of e and Hess(v) is the hessian matrix of v with
respect to the metric e∗g.
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Lemma 5.1.3
The Jacobi operator of extrinsic curvature of (S, e) satisfies
k
H
Jφ = (1− k)v − ∆ˆv, (5.9)
where ∆ˆ is the Laplace-Beltrami operator of the metric (1.1).
Proof: Indeed, the metric (1.1) is given by
gˆ = (e∗g)((Id + (1/k)A2)·, ·).
Since e has constant extrinsic curvature equal to k, the Codazzi-Mainardi equations to-
gether with the Koszul formula yield
∆ˆv =
k
H
Tr(A−1Hess(v)),
and the result follows. 
Lemma 5.1.4
For 0 < ω <
√
1− k, the operator L := (1 − k) − ∆ˆ defines a linear isomorphism from
C2,αω (S) into C
0,α
ω (S).
Proof: The asymptotic properties of this operator over each end of S are studied in Section
3.3. Together with the classical theory of elliptic operators (see [10]), these properties show
that L defines a Fredholm map from C2,αω (S) into C
0,α
ω (S). Since L is formally self-adjoint,
it has Fredholm index equal to zero. Finally, by the maximum principle, L has trivial
kernel in C2,αω (S), and invertibility follows. 
Lemmas 5.1.2 and 5.1.4 together with the implicit function theorem now yield
Theorem 5.1.5
Upon reducing δ if necessary, there exists a smooth function U : B2kδ (0) → C2,αω (S) such
that, for all (a, b) ∈ B2kδ (0),
K[a, b,U[a, b]] = k.
Furthermore, we may suppose that U is unique.
For all (a, b) ∈ B2kδ (0), we define the immersion e[a, b] : S → H3 by
e[a, b] := ˜ope[a, b,U[a, b]]. (5.10)
For all (a, b) ∈ R2k, we define the vector field X[a, b] : S → TH3 by
X[a, b] :=
∂
∂t
e[ta, tb]
∣∣∣∣
t=0
, (5.11)
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and we define
φ[a, b] := 〈X[a, b],N[e]〉g. (5.12)
The vector field X[a, b] is the first-order variation of the immersion e resulting from a first-
order variation of the end point of the i’th end by the vector (ai, bi). The function φ[a, b]
is the normal component of this first-order variation. By the preceding construction, for
all i, over S0,i,
X[a, b] = φiN[e] + Mi∗Xai,bi ◦ e, (5.13)
where φi ∈ Ami , Mi is the hyperbolic isometry defined in (5.2) and Xai,bi is the Killing
vector field defined in (4.18).
5.2 - Area and generalised volume. Let (S, e) be a finite-type k-surface in H3. We
continue to use the notation of Section 5.1.
Theorem 5.2.1
The area of (S, e) is given by
Area[e] =
−2piχ[S]
(1− k) .
where χ[S] here denotes the Euler characteristic of S.
Remark 5.2.6. Of course, Theorem 5.2.1 follows immediately from elementary hyper-
bolic surface theory. However, being also a straightforward consequence of the geometric
properties of k-ends established in Section 4, we include it here for completeness.
Proof: Indeed, since (S, e) has constant intrisic curvature equal to (k− 1), by the Gauss-
Bonnet Theorem, for all T ,
−(1− k)Area[e|ST ] +
∫
∂ST
κ[e]dl[e] = 2piχ[S],
where κ here denotes the geodesic curvature of ∂ST with respect to the outward-pointing
unit normal. However, by (4.15) and (4.16),
Lim
T→∞
∫
∂ST
κ[e]dl[e] = 0,
and the result follows. 
The volume contained by (S, e) is a slightly more subtle concept. Indeed, as (S, e) is
not necessarily embedded, it does not necessarily have a well-defined interior. However,
since H3 is contractible, its volume form dVol is exact so that, by Stokes’ Theorem, the
volume contained within (S, e) can be defined by integrating primitives of dVol over this
surface. However, since S itself is non-compact, there is no reason that two primitives
should yield the same volume or even that an arbitrary primitive should be integrable over
this surface. For this reason, we restrict attention to a special family of primitives. The
horospherical primitive of dVol centred at infinity is defined by
α∞ := − 1
2z2
dxdy. (5.14)
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Observe that, at each point, α∞ is the pull-back under the orthogonal projection of −(1/2)
times the area form of the horizontal horosphere passing through that point. In particular,
it is invariant under the action of those isometries of H3 which preserve the point at
infinity. For any ideal point w ∈ ∂H3, the horospherical primitive of dVol centred at w is
now defined by
αw := M
∗α∞,
where M is any isometry of H3 sending w to ∞. By the preceding observation, for all w,
‖αw‖g ≤ 1
2
, (5.15)
so that, since (S, e) has finite area, the form e∗αw has absolutely convergent integral over
S. We now verify that this integral is independent of the horospherical primitive chosen.
It suffices to compare α∞ and α0.
Lemma 5.2.2
The difference between α∞ and α0 is given by
α∞ − α0 = d(log(cosh(r))dθ), (5.16)
where r here denotes the distance in H3 from the geodesic Γ0,∞ and θ denotes the angle
parameter of Fermi coordinates around this geodesic.
Remark 5.2.7. In fact
dlog(cosh(r))dθ =
1
cosh(r)
β, (5.17)
where β is the pull-back through the orthogonal projection of the area form of totally
geodesic planes orthogonal to the geodesic Γ0,∞.
Proof: Indeed, let M : H3 → H3 be the isometry given by
Mx =
x
‖x‖2 .
Since M reverses orientation
α0 = −M∗α∞ = 1
2z2
dxdy − 1
2z2ρ2
d(ρ2)(xdy − ydx),
where
ρ2 := x2 + y2 + z2.
A straightforward calculation then yields
α∞ − α0 = 1
2
dlog
(
z2
ρ2
)
∧ dθ.
However, by elementary hyperbolic geometry
cosh(r) =
ρ
z
,
and the result follows. 
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Lemma 5.2.3
For all z, w ∈ ∂∞H3, ∫
S
e∗αz =
∫
S
e∗αw.
Proof: Indeed, there exists a constant C > 0 such that
‖log(cosh(r))dθ‖g ≤ C.
It follows that, for all T ,∣∣∣∣∫
ST
e∗(αz − αw)
∣∣∣∣ = ∫
∂ST
e∗log(cosh(r))dθ ≤ C
∫
∂ST
dl,
and the result now follows by Lemma 4.3.2. 
The generalised volume contained by (S, e) is defined by
Vol[e] :=
∫
S
e∗αz, (5.18)
where z is any ideal point of ∂∞H3 and αz is the horospherical primitive of dVol centred
at this point. Since the restriction of this integral to each end of (S, e) varies smoothly
with the end, it follows that Vol restricts to a smooth function over every stratum of Sk.
Finally, the reader may readily verify that when (S, e) is embedded, Vol[e] coincides with
the volume of the convex body in H3 that this embedding bounds.
5.3 - Renormalised energy. Let (S, e) be a finite-type k-surface. As in Section 1.2,
let eˆ : S → UH3 be the unit normal vector field over S, considered as an immersion in its
own right in the total space of UH3. The area form of the pull-back through this map of
a suitable rescaling of the Sasaki metric is
dEˆ[e] := H[e]dArea[e], (5.19)
where H[e] : S → R is the mean curvature function of e. By Lemma 4.3.1, although
the area of S with respect to this form is infinite, the area of the truncated surface ST
grows linearly with the absolute value of T as T tends to −∞. The residue obtained upon
subtracting this linear term yields a function over the space of k-surfaces which is well-
defined up to a constant. More precisely, the renormalised energy of (S, e) with respect to
the horofunctions h1, ..., hn is defined by
Eˆ[e;h1, ..., hn] := Lim
T→−∞
∫
ST
H[e]dArea[e] + 2piT
n∑
i=1
mi. (5.20)
Trivially, if h′1, ..., h
′
n are other horofunctions centred respectively on z1[e], ..., zn[e], then
Eˆ[e;h′1, ..., h
′
n]− Eˆ[e;h1, ..., hn] = 2pi
n∑
i=1
mi(hi − h′i),
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which is constant since, for all i, (hi − h′i) is constant over H3.
The dependence of the renormalised energy on the horofunctions is reduced as follows.
Given another horofunction h∞, the horofunctions h1, ..., hn are normalised such that, for
all i, the horospheres h−1∞ ({0}) and h−1i ({0}) meet tangentially at a single point. Given
that we are working in the upper half-space, it makes sense to choose
h∞(x) = −log(z),
so that, for each i, the horofunction hi is normalised by
hi(zi[e], 1) = 0.
With these normalisations we set
Eˆ[e] := Eˆ[e;h1, ..., hn], (5.21)
so that Eˆ[e] is uniquely defined given an explicit upper half-space parametrisation of H3.
As with the generalised volume, the renormalised energy defines a function over each end
of (S, e) which varies smoothly with the end, so that Eˆ restricts to a smooth function over
every stratum of Sk.
5.4 - The Schla¨fli formula. Let (S, e) be a finite-type k-surface. Let X be the stratum
of Sk in which it lies. Using the notation of Section 5.1, for all real T , define
VolT [e] :=
∫
ST
e∗α∞. (5.22)
Using the local parametrisation of X given by (5.10), we identify every tangent vector of
this stratum at (S, e) with a vector (a, b) ∈ R2k.
Lemma 5.4.1
For sufficiently large, negative T , the derivative of VolT at (S, e) satisfies
DVolT [e] · (a, b) :=
∫
ST
φ[a, b]dArea[e] + O(e
√
1−kT ). (5.23)
Proof: Indeed, denoting X := X[a, b], we have
DVolT [e] · (a, b) =
∫
ST
LXα∞
=
∫
ST
iXdα∞ + diXα∞
=
∫
ST
〈X,N[u]〉dArea[e] +
∫
∂ST
iXα.
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However, by (5.13), for 1 ≤ i ≤ n, over S0,i,
X = φiN[e] + Mi∗Xi ◦ e,
where φi ∈ Ami and Xi := Xai,bi is the Killing vector field defined in (4.18). Since
‖α‖g = 1/2,
‖iφiN[e]α‖ ≤
1
2
|φi| .
so that, since φi ∈ Ami , ∫
∂ST
iφiN[e]α∞ = O(e
√
1−kT ).
On the other hand, by Lemma 4.4.4,∫
∂ST
(Mi ◦ e)∗iMi∗Xiα∞ =
∫
∂ST
e∗iXiαM−1
i
∞ = O(e
√
1−kT ),
and the result follows. 
Theorem 5.4.2
The derivative of Vol at (S, e) is given by
DVol[e] · (a, b) = Lim
T→−∞
∫
ST
φ[a, b]dArea[e]. (5.24)
Proof: By (5.13) and Lemma 4.4.1, the limit on the right-hand side of (5.24) exists and
converges locally uniformly as (S, e) varies along its stratum in Sk. The result follows. 
For all T , define
EˆT [e] :=
∫
ST
H[e]dArea[e]. (5.25)
Lemma 5.4.3
For sufficiently large, negative T , the derivative of EˆT at (S, e) is given by
DEˆT [e] · (a, b) =
∫
ST
2(1 + k)φ[a, b]dArea[e]−
∫
∂ST
∂νφ[a, b]dl[e]
−
n∑
i=1
∫
∂ST,i
T φiH[e]dl[e]
+
n∑
i=1
∫
∂ST,i
〈Xai,bi(Φ[e]), ν[e]〉H[e]dl[e],
(5.26)
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where, for each 1 ≤ i ≤ n, φi and Xai,bi are as in (5.13).
Proof: Choose (a, b) ∈ R2k. For all sufficiently small t, let et := e[ta, tb] be as in (5.10).
For f : H3×]− , [→ R smooth, consider the function
Eˆf (t) :=
∫
S
(ft ◦ et)H[et]dArea[et].
Since the integrand of Eˆf is a smoothly varying family supported in a compact subset of
S, the tangential component of X[a, b] does not contribute to its derivative. We therefore
work as if it were equal to zero, so that
X[a, b] = φ[a, b]N[e].
The first-order variation of the area form is given by (c.f. [8]),
∂
∂t
dArea[et]
∣∣∣∣
t=0
= H[e]φ[a, b]dArea[e].
The first-order variation of the mean curvature is given by (c.f. [8]),
∂
∂t
H[et]
∣∣∣∣
t=0
= (2(1 + k)−H[e]2)φ[a, b]−∆φ[a, b].
Finally, the first-order variation of ft ◦ et is given by
∂
∂t
(ft ◦ et)
∣∣∣∣
t=0
=
∂f
∂t
◦ e+ 〈∇f0,N[e]〉gφ[a, b].
It follows by the product rule that
∂
∂t
Eˆf
∣∣∣∣
t=0
= 2(1 + k)
∫
S
(ft ◦ e)φ[a, b]dArea[e]−
∫
S
(ft ◦ e)∆φ[a, b]dArea[e]
+
∫
S
(
∂f
∂t
∣∣∣∣
t=0
◦ e
)
H[e]dArea[e]
+
∫
S
〈∇gf0,N[e]〉gφ[a, b]H[e]dArea[e].
(5.27)
Now, for all 1 ≤ i ≤ n, let zi,t be the i’th extremity of (S, et) and let hi,t : H3 → R be a
horofunction centred on zi,t and normalised such that, for all t,
hi,t(zi,t, 1) = 0.
By definition, for all 1 ≤ i ≤ n,
∂
∂t
zi,t
∣∣∣∣
t=0
= (ai, bi).
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Define f : H3×]− , [→ R by
ft(x) =
{
1 if hi,t(x) ≥ T ∀i and
0 otherwise.
Observe that f is an element of BVloc(H3×]−, [), the space of functions of locally bounded
total variation over H3×] − , [ (c.f. [22]). By approximating f by smooth functions, we
find that (5.27) continues to hold with the derivatives of f now being interpreted in the
distributional sense. In particular,∫
S
(
∂f
∂t
∣∣∣∣
t=0
◦ e
)
H[e]dArea[e] =
n∑
i=1
∫
∂ST,i
C−1〈Xai,bi(Φ[e]),∇ghi,0 ◦ e〉gH[e]dl[e],
and∫
S
〈∇gf0,N[e]〉gφ[a, b]H[e]dArea[e] = −
n∑
i=1
∫
∂ST,i
C−1〈N[e],∇ghi,0 ◦ e〉gφ[a, b]H[e]dl[e],
where, for each i, ∇ghi,0 denotes the gradient with respect to g of the function hi,0. Since
∇ghi,0 ◦ e = −Cν[e] + SN[e],
the result now follows upon substituting these relations into (5.27) and applying Stokes’
Theorem. 
Lemma 5.4.4
For all sufficiently large, negative T , the derivatives of VolT and EˆT at (S, e) are related
by
2(1 + k)DVolT [e] · (a, b)−DEˆT [e] · (a, b) =
n∑
i=1
4pimi〈(ai, bi), ci[e]〉e + O(e
√
1−kT ), (5.28)
where, for each i, mi denotes the winding order of the i’th end of (S, e) and ci[e] denotes
its Steiner vector.
Proof: It suffices to analyse the last three terms of (5.26) over each end. Choose 1 ≤ i ≤ k.
By (5.13), over ST,i,
X[a, b] = φN[e] + Mi∗Xai,bi ◦ e,
where φ ∈ Ami and Xai,bi is the vector field given in (4.18). Since φ ∈ Ami , by (2.4),
(2.30), (2.35) and (2.40), ∫
∂ST,i
∂νφidl[e] = O(e
2
√
1−kT ) and∫
∂ST,i
H[e]Sφidl[e] = O(e2
√
1−kT ),
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by Lemma 4.4.3, ∫
∂ST,i
∂ν〈Xai,bi ,N[e]〉dl[e] = O(e−T+
√
4−3kT ),
and, by Lemma 4.4.2,∫
∂ST,i
H[e]C〈X, ν[e]〉dl[e] = −4pimi〈(ai, bi), ci[e]〉+ O(e−T+
√
4−3kT ).
The result follows. 
Theorem 5.4.5
The derivatives of Vol and Eˆ at (S, e) are related by
2(1 + k)DVol[e] · (a, b)−DEˆ[e] · (a, b) =
n∑
i=1
4pimi〈(ai, bi), ci[e]〉e, (5.29)
where, for each i, mi denotes the winding order of the i’th end of (S, e) and ci[e] denotes
its Steiner vector.
Proof: This follows immediately from (5.28) since the limit converges locally uniformly
as (S, e) varies along its stratum in Sk. 
Theorem 5.4.6
The extremities and Steiner vectors of (S, e) satisfy
n∑
i=1
mici[e] = 0, (5.30)
n∑
i=1
mici[e]zi[e] = −1
2
n∑
i=1
mi and (5.31)
n∑
i=1
mi‖zi[e]‖2eρici[e] =
n∑
i=1
mizi[e], (5.32)
where, for each i, mi denotes the winding order of the i’th extremity of (S, e) and ρi
denotes the orthogonal reflection through the line orthogonal to zi[e], taken by convention
to be equal to 0 when zi[e] vanishes.
Proof: These relations are obtained by applying Killing vector fields to the Schla¨fli formula
(5.29). It suffices to prove the real part of (5.31), as the proofs of the remaining formulae
are identical. Consider the family of hyperbolic isometries given by
Mtx = e
tx.
The Killing vector field of this family is
X(x) = x.
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Consequently,
∂
∂t
zi[Mt ◦ e]
∣∣∣∣
t=0
= zi[e],
∂
∂t
Vol[Mt ◦ e]
∣∣∣∣
t=0
= 0 and
∂
∂t
Eˆ[Mt ◦ e]
∣∣∣∣
t=0
= 2pi
n∑
i=1
mi.
Substituting these values into (5.29) yields the real part of (5.31). The imaginary part
is obtained in the same manner using rotations. Translations yield (5.30) and parabolic
transformations about the origin yield (5.32). This completes the proof. 
A - Smooth functions over Holder spaces.
For the reader’s convenience, we review the smoothness properties of composition operators
over Ho¨lder spaces. Although similar properties are studied in [11] and [27], it is not clear
to us where a straightforward treatment of the difficulties particular to the Ho¨lder space
case may be found in the literature. Let X be a metric space and let E be a Banach space.
For α ∈ [0, 1], the α-Ho¨lder seminorm of a function f : X → E is defined by
[f ]α := Sup
x 6=y
‖f(x)− f(y)‖
d(x, y)α
. (A.1)
Observe that the 1-Ho¨lder seminorm is the Lipschitz seminorm whilst the 0-Ho¨lder semi-
norm is the total oscilation. The C0,α-norm is then defined by
‖f‖C0,α := ‖f‖C0 + [f ]α. (A.2)
More generally, when X is a riemannian manifold, which for convenience we take to be
locally isometric to Rm for some m, for all (k, α), the Ck,α-norm of a k-times differentiable
function f : X → E is defined by
‖f‖Ck,α :=
k∑
i=0
‖Dif‖C0 + [Dkf ]α. (A.3)
Observe, in particular, that for all k ≥ 1,
‖f‖Ck,α = ‖f‖C0 + ‖Df‖Ck−1,α . (A.4)
This recurrence relation will be useful for the induction arguments that we will invoke
presently. For all (k, α), let Ck,α(X,E) denote the Banach space of functions with finite
Ck,α norm. We readily obtain
Lemma A.1.1
For f, g ∈ C0,α(X,E),
‖fg‖C0,α ≤ ‖f‖C0,α‖g‖C0,α . (A.5)
An induction argument, starting with Lemma A.1.1 and using (A.4), then yields
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Lemma A.1.2
For all f, g ∈ Ck,α(X,E),
‖fg‖Ck,α ≤ (2k+1 − 1)‖f‖Ck,α‖g‖Ck,α . (A.6)
Now let Ω be an open subset of E. Define
Ok,α(X,Ω) := ∪
>0
Ok,α (X,Ω), (A.7)
where, for all  > 0,
Ok,α (X,Ω) :=
{
f ∈ Ck,α(X,E) | d(f(x),Ωc) ≥  ∀x} , (A.8)
Observe that Ok,α(X,Ω) is an open subset of Ck,α(X,E). Given another Banach space
F and a suitably regular function Φ : Ω → F , define the composition operator CΦ :
Ok,α(X,Ω)→ Ck,α(X,F ) by
CΦ[f ] := Φ ◦ f. (A.9)
Smoothness of composition operators over Ho¨lder spaces is subtle for low regularity. First,
we have
Lemma A.1.3
If Φ ∈ C1,1(Ω, F ), then CΦ defines a continuous function from O0,α(X,Ω) into C0,α(X,F ).
Proof: Without loss of generality, we may suppose that Ω is convex. Then, for all f, f+g ∈
O0,α(X,Ω), and for all x ∈ X,
CΦ[f + g](x)− CΦ[f ](x) =
∫ 1
0
CDΦ[f + sg](x)g(x)dx.
Thus, for all x, y ∈ X,
|CΦ[f + g](x)− CΦ[f ](x)− CΦ[f + g](y) + CΦ[f ](y)|
=
∣∣∣∣∫ 1
0
CDΦ[f + sg](x)g(x)− CDΦ[f + sg](y)g(y)ds
∣∣∣∣
≤
∫ 1
0
[CDΦ[f + sg]g]αdsd(x, y)
α
≤
∫ 1
0
(
[DΦ]1[f + sg]α‖g‖C0 + ‖DΦ‖C0 [g]α
)
dsd(x, y)α,
so that
[CΦ[f + g]− CΦ[f ]]α ≤ ‖Φ‖C1,1
(
[f ]α + [g]α
)‖g‖C0,α .
Since
‖CΦ[f + g]− CΦ[f ]‖C0 ≤ ‖Φ‖C0,1‖g‖C0 ,
continuity now follows. 
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Lemma A.1.4
If Φ ∈ C2,1(Ω, F ), then CΦ defines a continuously differentiable function from O0,α(X,Ω)
into C0,α(X,F ) with derivative given by
(DCΦ[f ]g)(x) = CDΦ[f ](x)g(x). (A.10)
Proof: Without loss of generality, we may suppose again that Ω is convex. Define Ψ :
O0,α(X,Ω)2 → C0,α(X,F ) by
Ψ[f, g] := CDΦ[g]− CDΦ[f ].
By Lemma A.1.3, Ψ is continuous. By the fundamental theorem of calculus, for all f, f+g ∈
O0,α(X,Ω) and for all x ∈ X,
CΦ[f + g](x)− CΦ[f ](x) =
∫ 1
0
CDΦ[f + sg](x)dsg(x)
=
∫ 1
0
Ψ[f, f + sg](x)dsg(x) + CDΦ[f ](x)g(x).
By continuity, the curve s 7→ Ψ[f, f + sg] is integrable as a curve taking values in the
Banach space C0,α(X,F ). Furthermore, by convexity of the norm,∥∥∥∥∫ 1
0
Ψ[f, f + sg]ds
∥∥∥∥
C0,α
≤
∫ 1
0
‖Ψ[f, f + sg]‖C0,αds ≤ Sup
s∈[0,1]
‖Ψ[f, f + sg]‖C0,α .
Since Ψ vanishes when g = f , this tends to 0 as g tends to f , and the result now follows
by Lemma A.1.1. 
Lemma A.1.5
If Φ ∈ Ck+1,1(Ω, F ), then CΦ defines a continuous function from Ok,α(X,Ω) into the space
Ck,α(X,F ).
Proof: We prove this by induction on k. By Lemma A.1.3, the result holds when k = 0.
Moreover, by the chain rule, for all f ∈ Ok+1,α(X,Ω),
D(CΦ[f ]) = CDΦ[f ]Df.
It follows by Lemma A.1.2 and the induction hypothesis that the operator f 7→ DCΦ[f ]
defines a continuous function from Ok+1,α(X,E) into Ck,α(X,Lin(Rn, F )). Since CΦ triv-
ially defines a continuous function from Ok+1,α(X,E) into C0(X,F ), the result now follows
by (A.4). 
In the same manner, we obtain
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Lemma A.1.6
If Φ ∈ Ck+2,1(Ω, F ), then CΦ defines a continuously differentiable function fromOk,α(X,Ω)
into Ck,α(X,F ) with derivative given by (A.10).
Finally, by induction on l, we obtain
Lemma A.1.7
If Φ ∈ Ck+l+1,1(Ω, F ), then CΦ defines a Cl function from Ok,α(X,Ω) into Ck,α(X,F ).
We leave the reader to verify that when k ≥ 1, a more straightforward argument shows
that CΦ is of class C
l whenever Φ is of class Ck+l,β for some β > α. Furthermore, this
condition is sharp in the sense that there exist functions Φ, of class Ck+l,α, for which CΦ
is not l-times continuously differentiable. However, when k = 0, we do not know whether
the hypotheses of Lemma A.1.3 may be relaxed or whether the technical arguments of
this appendix may by bypassed. This merely formal concern is moot for geometric ap-
plications where we rarely, if ever, are concerned with functions which are not smooth.
That said, when studying curvature problems, it is generally more elegant to work with
functions of class C2,α, as this is the minimal Ho¨lder regularity required to apply analytic
techniques. The arguments presented in this appendix then become necessary when the
curvature problems in question involve totally non-linear, second-order, partial differential
operators, since the second derivatives of such functions are of class C0,α and composi-
tions of these derivatives by smooth functions could not otherwise be assumed to define
smooth operations over function spaces. There is not a single situation we know of where
this subtlety cannot be easily bypassed by working with functions of greater regularity.
Nevertheless, it is clearly important to be formally correct.
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